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Training stages
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Self-supervised training
LM objective
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Pre-training

LM training on large, large
amount of data

Pre-training can be
broken into stages (mid-
training)

(e}

Explain the moon [
landing to a 6 year old

Some people went
to the moon...
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Training for reasoning



Reasoning models

* Think before responding with the

answer @
What is the pH of a 010 M solution of
e Reasoning problems requires NH,F? The K, of NH i 5.6 x 107~

and the K, of HF is 6.8 x 1074

decomposing the problem into

multiple steps (think Step—by—step) Full long CoT is hidden

® Thoughtfor4secondsv =
from the User

To determine the pH of a 0.10 M solution R

¢ TyplCa”y math, COdlng prObIemS of ammonium fluoride (NH4F), we’ll need

to consider the acid-base properties of its

constituent ions when dissolved in water. X A SUuImimmary of the lOng

CoT 1s provided instead
Step 1: Dissociation of NH;F

NH,F — NH} + F~

GSM8K



Reasoning problems

* Problem that requires step-by-step

/[ Model Input }

Natalia sold clips to 48 of her
friends in April, and then she
sold half as many clips in May.
How many clips did Natalia sell
altogether in April and May?

\

\

/

/{ Model Output }

Natalia sold 48/2 = <<48/2=24>>
24 clips in May. Natalia sold
48+24 = <<48+24=72>>72 clips
altogether in April and May.

KFinal Answer: 72

~

/L Model Input }

Weng earns $12 an hour for
babysitting. Yesterday, she just
did 50 minutes of babysitting.
How much did she earn?

\_

\

4

/[ Model Output ]

Weng earns 12/60 =
$<<12/60=0.2>> 0.2 per minute.
Working 50 minutes, she earned
0.2 X 50 = $<<0.2*¥50=10>>10.

\ Final Answer: 10

\

/[ Model Input }

James writes a 3-page letter to 2
different friends twice a week.
How many pages does he write
a year?

_4

GSM8K

.

\

4

Model Output J

He writes each friend 3*2 =
<<3*2=6>> 6 pages a week. He
writes 6*2 = <<6*2=12>> 12 pages
per week and 12*52 =
<<12*52=624>> 624 pages a year

K Final Answer: 624

\

J




Reasoning models

o gptdo

ML Benchmarks

MATH

MathVista (testmini)
MMMU (val)

MMLU

94.8

* Think through each part of a
complex problem

» Decompose complex problems
iInto smaller, solvable parts

pass@1 accuracy

Exams

AP English Lang
AP Physics 2
AP English Lit
LSAT

AP Calculus

AP Chemistry

o6 58.0

63.0 81.0

* Critique its own (partial)
solutions and find errors

Sz AN 68.0
69.5 95.6
7.3

76.0

83.3
89.0

* Explore many alternative
solutions

SAT EBRW CYRE 94.4

0] 20 40 60 100

percent raw score

80

https://cameronrwolfe.substack.com/p/demystifying-reasoning-models
\

| olimprovement
PhD-Level Science Questions

(GPQA Diamond)
Chemistry
Physics 02.8
Biology
0 20 40 60 80 1CI)O
pass@1 accuracy
MMLU Categories
Global Facts 65.1 8.4

College Chemistry 68.9

78.1

College Mathematics 2 98.1
Professional Law [ERS I 85.0
Public Relations 76.8 [loN¢

Econometrics 78.8 LIA
Formal Logic 79.8 97.0
0O 20 40 60 80 100

pass@1 accuracy

https://openai.com/index/learning-to-reason-with-lims/



Reasoning models

accuracy
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Competition Math

(AIME 2024)

gpt4o
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https://opehai.com/index/learning-to-reason-with-lims/



Training LLMSs to think step-by-step

» Supervised training with reasoning data and reasoning traces

* Reinforcement learning with verifiable rewards (RLVR)

Slmstart Suser
Give me a short introduction to large language model.<|im end|>

} Prompt / Instruction

<|im start|>assistant

<think> 3
Okay, the user wants a short introduction to large language

systems trained on massive text data, right? I should mention

models. Let me start by defining what they are. They're AI /[ Model Input } \ Ground Truth

their ability to understand and generate human-like text. Maybe - - 5 .
include examples like GPT or BERT. Also, highlight their N?'talla SOld Cl.lpS to 48 of her Final Answer: 72
applications in tasks like answering questions, writing, and friends in Aprll, and then she :

coding. Keep it concise but cover the key points. Make sure to e Reasomng Trace sold half as many ClipS in May.

notgdthathtk‘leyire. based onkdeep.learningliid neural ne}‘iwoik§£ How many clips did Natalia sell ]
Avoid technical jargon to keep it accessible. Let me check i . . o
I'm missing anything important. Oh, maybe mention their scale in altogether L ApI'll and May' /{ Model Output ) \
terms of parameters. Yeah, that's a common point. Alright, time \\‘ 4// ) N |
to put it all together in a clear, brief paragraph. | Natalia sold 48/2 = <<48/2=24>>
</think> ¥ . 24 clips in May. Natalia sold SLIIS Mallil
Reasoning P / ; |
e 3 —>  48+24 = <<48+24=72>>72 clips
Large language models (LLMs) are advanced artificial ! Model 1t th S Arril d M
intelligence systems trained on vast amounts of text data to altogetner 1n April an ay.
understand and generate human-like language. They use deep

learning techniques, such as transformer architectures, to \### 72 /
process and analyze text at scale, enabling them to perform

tasks like answering questions, writing stories, coding, and
translating languages. LLMs are characterized by their massive
parameter counts, which allow them to capture complex patterns
in language, making them highly versatile for a wide range of

applications in natural language processing and beyond. https://cameronrwolfe.substack.com/p/grpo-tricks

<lim end]|>

' » Final Response




Training LLMSs to think step-by-step

» Supervised training with reasoning data and reasoning traces

* Reinforcement learning with verifiable rewards (RLVR)

» Alternative to training LLMs for reasoning is to scale up test-time compute

 Reasoning during inference



56 days on 1024
H100 GPU cluster for

Olmo training phases

Olmo 3 Think 32B Another 21 days on 224
GPUs (RL training) to
47 days 9 days Olmo 3.1 Think
_—

5.0T tokens (2 runs, 1.5days) (1run, 1 days) 4 parallel runs (over

9.5 + 35 days 100B tokens 1024 GPUs learning rates) 18 hours to
512, 1024 GPUs 512 GPUs Olmo3Base 36 hrs, 256 GPUs Mmultiple days

: o Long ) o» Think Thlnk
mg Midtraining —>—> Bd & ppPo RLVR Olmo 3 Think

@ Web teXt @ web text & synthetic

5 days

T e @& sciencerors o» Instruct Instruct
@ science PDFs P i é DPO @ RLVR Olmo 3 InStrUCt
code % math ) web text
v “’ €7 reasoning 5] code
. () om . -
: ' © Al Oimo 3 RL-Zero

RLVR

Figure 2 Depiction of model flow for OImo 3. Development is divided into major base model training (left) and
post-training (right) stages, each further divided into sub-stages with their own recipes (i.e., training data and

method). Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2023]



https://arxiv.org/pdf/2512.13961

Mid-training
Training on cleaned, specialized data

Integration tests (on 100B tokens)
to verify whether including the
dataset will improve performance

.................................................................

R oxoranvein
- haeseanasasassansarssnns Centralized assessment -

-Distributed exploration--------------- v\_/

Explore different mixes with small
amounts (5B to 10B tokens)
of sampled data.

Decontamination:
Run detection to try to avoid
benchmark contamination (i.e.
training on evaluation data)

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Olmo Post-training

Instruction Following

How can | detect and handle counterfeit

E f | money?

' £ | - There should be exactly 2 paragraphs
O | - Paragraphs should be separated with ***
Q. | -Use all lowercase

- Include the keyword “coast”

inspect watermarks, microtext, and
color shifts.

secure and report it to authorities,
: keeping the coast clear of fakes.

l (constraints 1, 3, & constraint 2 X)

Prediction

Steve guesses randomly on a
multiple-choice test where

-
Q

& | each problem has two choices.
O | Whatis the probability that he
Q. | getsatleast half of the

questions correct?

Prediction Gold Answer
0.5 \frac{I {2}

4 .

[ Equivalence checker J

Coding
a Given an integer n (0 = n <10"9),
g compute the number of trailing zeroes in
& | n!(nfactorial). Your program should (-]
Prediction Tests
def fun(n: int) -> int: assert fun(l) -« @
count = @ assert fun(s) =« 1
while n: assert fun(2S) == 6
n//=2 assert fun(10@) == 24
count += n
return count l
4 . ™
(D Unit test pass rate

2 Binary: 1iff all tests pass

RN

General Chat
a
£ | Explainthe moon landing to a 6-
O | year-oldin a few sentences.
(4 8
(Optional)
Prediction Reference
The moon landing Along time ago, in
was when special 1969, some very
astronauts flew a brave astronauts
spaceship all the way | | rode arocket all the
to the moon |...] way to the Moon |...]

l

l

[# satisfied constraintsl#constraints] Reward 100 Reward D | 0.25 [ Score from LLM-as-a-judge J :
§ Reward 0.75 Reward 2' 0.00 Eé Reward 0.60 E
-Verifiable TaSKs -----------=--rrrrsrrrrrrrmmmeeeee e NON-Verifiable Tasks --------- =

Figure 16 Verifiers and reward design for verifiable and non-verifiable tasks.

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Deepseek R1

Competitive open-source model

DeepSeek-V3

OpenAl-ol-mini

DeepSeek-R1-32B

OpenAl-01-1217

#w4 DeepSeek-R1

SW

MMLU
(Pass@1

17//////////////////////////////4@

Codeforces

(%) I[1IUII / Aoeandoy

bench Verified
Resolved

MATH-500
(Pass@1

QA Diamond
(Pass@1l)

AIME 2024
Pass@1

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948


https://arxiv.org/pdf/2501.12948

Deepseek R1

 DeepSeek-V3 - MoE model trained with multi-token prediction

 DeepSeek-R1-Zero - Use RL to improve base model (DeepSeek-V3) for
reasoning (e.g. generate “thought” process)

 DeepSeek-R1 - Improved version with cold-start, supervised fine-tuning on
generated / filtered data.

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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Deepseek R1

DeepSeek DeepSeek DeepSeek
V3 Base V3 Base V3 Base
= SFT il
Reasoning Prompts Non-Reasoning
Cold Start Long CoT M
Accuracy & Format Reasoning - Models
mmm Prompts+Responses
DeepSeek DeepSeek DeepSeek . ,
R1 Zero R1 Dev-1 R1 Dev-3 | I Tralnng AIQOI' ithms
. o Prompts
Sampli
pling = oL
Reasoning Prompts Diverse Prompts momm  Rewards
Reasoning Prompts
e § mm Post-Processing

Rule-based Reward
& Preference Reward

Filter Refine Rule-based Reward
Accuracy DeepSeek & Lang. Consistency
& Format V3+Human

DeepSeek
R1 Dev-2

DeepSeek
R1

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948


https://arxiv.org/pdf/2501.12948

Deepseek R1-Zero

Training recipe

High quality
verifiable
reasoning data

Mixture of Experts (MoE) model
with Mulit-Head Latent Attention (MLA)
and multi-token prediction

Base Reasoning

Base LLM RL
(DeepSeek-V3) " Grro| — LLM
(DeepSeek-R1-Zero)

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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DeepSeek R1-Zero

Training recipe

* Jrain LLM to explicitly generate reasoning process

A conversation between User and Assistant. The user asks a question, and the Assistant solves it.
The assistant first thinks about the reasoning process in the mind and then provides the user
with the answer. The reasoning process and answer are enclosed within <think> </think> and

<answer> </answer> tags, respectively, i.e., <think> reasoning process here </think>
<answer> answer here </answer>. User: prompt. Assistant:

* Accuracy reward for whether response is correct and format reward to provide details of
thinking process

* Additional language consistency reward is added when training DeepSeek-R1

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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DeepSeek R1

Training recipe High quality Mix of
verifiable reasoning +
reasoning data alignment data
Sase Self-
Reasoning Cold Stlart curated
LLM reasoning data (800K)

(DeepSeek-R1- data
/€ero)

Final

BaselLLM
(DeepSeek-V3)

RL | RL Reasoning
wold start (DeepSeek-R1)

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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Reinforcement Learning Review

Some slides adapted from Graham Neubig and others



What is reinforcement learning?

Learning where we have an
* Environment provides feedback

* Environment X * No examples of optimal policy

* Ability to make actions A

Action
* Get delayed reward R Goal
For text generation, we use RL when Reward O
there is a sequence-level Agent
evaluation metric that is difficult to
optimize without first generating the e .
whole sentence. nvironmen
Can also be used for longer dialog Observation

where reward is at the end (e.qg.
customer achieved their goal).



Reinforcement learning

Determine policy to maximize expected accumulated reward.

Typically modelled as POMDP (sequence of states with partial observations)

* Actions: What token to output?

* Policy: What action(s) to take given sequence of observations and actions?

* Policy models the probabillity of action given state

» For text generation, what sequence of tokens y to generate given input x
tokens: 7(a, s) = P(y|x)

 Reward:
RLHF: Provided by reward model trained on human preference
RLVR: Provided by verifiable reward / answer



Reward in RL

» For an action at time step t, state s, and action a,, get a reward r, = R(s,, a,)

o0

* Goal is to maximize total reward over time Z v,
=0

 But maybe better to goeot immediate reward rather than wait. So maximize

discounted reward Z y'r,
=0

* Everything Is stochastic 0

t
- r
 expected discounted reward for a policy « g Z a



Reward in RL

» For a given trajectory 7 = ((sy, ay), (51, d1), -..), which is a sequence of states
and actions in the world, we can have the following rewards.

0

Also known as return

 Total reward: Rjiqiq((7) = Z r,

t=0 Algorithms that optimize
o0 parameters of the policy
» Discounted reward: R§iscounted(?) = 2 y'r, directly are called policy-

—0 based methods

 Find a policy 7 to maximize expected discounted reward.

J(r) =

T

=y = J P(t|n)R(7) = Z y'r,



RL for text generation

» State: input text (X = x{, x,, ...) and text that is generated so far (y{, y5, ..., V,_1)
» Action: next token to generate y,

. Trajectory of actions (generated text): Y = yl,...,y

» Objective: Maximize Jrr,(X) = R(Y)log P(Y|X)

* Loss:
(ri(X) = —R(Y) log P(Y|X)

How is this related to supervised learning?



Supervised learning

In normal supervised learning, we do maximum likelihood estimation (MLE)

In the RL literature, this is also known as imitation learning where there is an
“expert” demonstrating what actions to take at each time step

» Have expert demonstrations
(possibly interactive)

IvLe(Y]X) = —log P(Y|X)
Action

Goal Training set with

Input text X and output text Y

Environment

Examples of imitation learning algorithms:
Observation - Behavior cloning - collect data (expert demonstrations once) and then train
- DAgger - iteratively collect data (as it encounters new states)



Self-training

o Self-training: If we start with a trained model, we can sample (or take
argmax) to get data points (e.g. “demonstrations”) for training.

Y ~P(Y|X) or Y =arg max P(V]X)

N\

gself(X) — —lOgP(Y‘X)



Policy gradient / REINFORCE

o Self-training: If we start with a trained model, we can sample (or take
argmax) to get data points (e.g. “demonstrations”) for training.

Y ~P(Y|X) or Y =arg max P(V]X)

N\

gself(X) — —lOgP(Y‘X)

 RL: Add term to scale loss by the reward

RL: Maximize reward
JREINFORCE (X ) = R(Y) log P(?‘X)

(REINFORCE(X ) = —R(?) log P(WX)

Optimize policy using stochastic gradient descent
 But some issues:

e step too small, training too slow,

* too large, training is unstable (too much variability)



Regularization to existing model

 KL-regularization:

Improve reward Keep model similar
JKL—reg — IO(Y7 X)R(Y) o 6KL[P(|X7 90101)? P(|X7 6))]

P(Y|X;0)
Y, X) = Ratio function
,0( ) P(Y|X;(901d)

 Add regularization term to keep model similar to initial model

 Tricky to implement



Regularization to existing model

 KL-regularization:

Improve reward Keep model similar
JKL—reg — IO(Y7 X)R(Y) o 6KL[P(|X7 90101)? P(|X7 ‘9)]

P(Y|X;0)
Y, X) = Ratio function
,0( ) P(Y|X;(901d)

 Proximal policy optimization (PPO)

Prevent jumps
Jppo = min (p(f/, X)R(Y), Clip(p(f/, X),14+¢€1— e)R(Y))

Unclipped objective Clipped objective



Hard to compute, so use
neural networks to estimate
these functions
(critic training)

Going beyond reward

0
« State Value Function T i—1
. V]T(St) - I Z vy
» How good is the state s,? t
=
» State-Action Value Function (Q function)
« How good Is a particular action a at T
How good s a p 0 ) = E, |R(5,a,5.) +7[V,5)) |
.

« Advantage

 How much better is taking action a Aﬂ(St, Cl) — Qﬂ(Sp Cl) _ Vﬂ(St)
than the average?

N\ N\

Use as return function J(X) = R(Y) 1ogP(Y\X) J(X)=A(Y)log P(Y|X)

IN optimization:



PPO with advantage

 Proximal policy optimization (PPO)

N\ e e

Jepo = min (p(V, X)A(Y), clip(p(V, X), 14,1~ ) 4
P(Y|X;0
p(Y, X) = P(i(/|)|( 5 1?1) Ratio function

On-policy, actor-critic algorithm

Actor: Policy network - determines what action to take

Critic: Value network - evaluates action by estimating the value function
(so we can estimate the advantage function) A(Y)



RLHF with general policy gradient method

o Initialize the policy 72'!?" to ﬂ'SFT

, the policy output from SFT
* Loop for many steps

. Initialize a new empty dataset D%BL

* Loop for many steps

« Sample a random prompt x from Dy

« Generate a response y from the policy 775 s

» Calculate the reward signal ry(x, y) from r,

. Add the triple (xa Y rH(xa y)) to D”qBL objective(¢) = E, yop o |To(z,y) — B log(

* Use policy gradient method to increase objective




RLHF with PPO

Algorithm 1 PPO

1: Input: initial policy parameters 6, initial value function parameters ¢y.

2: forn=0,1,2,...do

3:  Collect a set of trajectories D,, = {7; } by executing policy 7(6,,) within the environment.

4:  Compute rewards-to-go R,.

5. Compute advantage estimates, A, (using any advantage estimation method) based on the

current value function V, .
6: Update the policy by maximizing the PPO-penalty/clip/ptx objective:

Hn-l-l — arg mg'x £pp0—clip(0n)-

7:  Update the value function by regression on mean-squared error:

¢n+l — arg mq’SLn ACcritic(qbn)-

8: end for

https://arxiv.org/pdi/2307.04964
33



"%:w (aclse)

Poli
G{AE. Goad | PN i
* Advantage Function ng], Th (ac|se)
Asear) = ZrA) 8y M pcualaelse)
* TD Error ’
_______ Bc = 7(5e,a) + 1V (se1) =V (50) Aleea0)
. Return PPO-clip Loss
Rt - A(st,at) + V(St) L O
----- =
LM Loss

(S, ae) (se.ar)  A(s,, a,)

RL
5., (Aelse)

RL
ng,..(aclst) R,

V(St)

MSE Loss

Experience Buffer

User Query

Figure 1: PPO workflow, depicting the sequential steps in the algorithm’s execution. The process
begins with sampling from the environment, followed by the application of GAE for improved

advantage approximation. The diagram then illustrates the computation of various loss functions
employed in PPO, signifying the iterative nature of the learning process and the policy updates

derived from these losses. |
https://arxiv.org/pdf/2307.04964



Group Relative Policy Optimization (GRPO)

* Replace advantage function estimated with neural reward model with
advantage function that is computed from rule-based reward model

 Compute advantage as how much newer policy improves over older policy

JGRPO(G) = ]E[q ~ P(Q)r {Oi}?zl ~ TG4 (Olq)]
|o; |

1o 1 1, 0i<t) - c1q, 0; A
= 2T Z {min[ 70 (0itld, 0iy<t) A, clip 7o (0icd, Oiy<t) 1-¢,1 +£) Ai,t] — BDk1 |7t9||7tref|}.

=1 IOi' t=1 7[90[(1 (Oi:t lq’ Oi:<t) 7I90M (Oi,t |q/ Oi,<t) ,

ﬂref(oilq) —log ﬂref(oi‘Q) -
1o (0ilq) 7o (0ilq)

Dgr (7T9||7Tref) - 1,

https://arxiv.org/pdf/2402.03300



Group Relative Policy Optimization (GRPO)

e Outcome supervision

i _ r;—mean(r) - {r . }
=), = — — — —  — — —_— coo oo
ot std(r) G

* Process supervision | |
rindex()) _ mean(R)

A — ~ index(j) index(j) — _!
Au= ), 7 ’ std(R)

l
index(j)>t

r — {{r{'ndex(l)’ rindex(Kl)}’ L { index(1) rindex(KG)}}

® 00
. b

e

b

https://arxiv.org/pdf/2402.03300



Group Relative Policy Optimization (GRPO)

/[ Reference L

/ Model o ‘_[ .
Reward 1

[ 2 I I Policy 0 Model GAE H A ]

Model ) Value N i . 7
Model -[ v Trained
— Models

e . S

- )
GRPO _—— KL = Frozen
B
! o ) Reference ( N ‘ , 2 ) Models )
) Model | _ ot
4 . ) [ ) “\ g 3 G r .
q Policy | | o, Reward | | n roup A,
Model — Model ‘ /| Computation| ~ %
[ % ] [ TG ] [ AG ]

Eliminate value model

https://arxiv.org/pdf/2402.03300



References for PPO and GRPO

* PPO for LLMs: https://cameronrwolfe.substack.com/p/ppo-lim

 GRPO: https://cameronrwolfe.substack.com/p/grpo

 GRPO Tricks: https://cameronrwolfe.substack.com/p/grpo-tricks

* Online vs Offlice: https://cameronrwolfe.substack.com/p/online-rl


https://cameronrwolfe.substack.com/p/ppo-llm
https://cameronrwolfe.substack.com/p/grpo
https://cameronrwolfe.substack.com/p/grpo-tricks

Comparlson of PPO and GRPO

MATH task
0.54 -
0.52 -
> 0.50
O
o
-
O
< 0.48
0.46 -
0.44 - —&— PPO (A=0.95)
—#— PPO (A=1.0)
—&— GRPO
0.42 -
500 1000 1500 2000 2500

Steps
DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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DeepSeek-R1 performance

w# DeepSeek-R1 DeepSeek-R1-Zero Human Expert
100~ 96.3

7

80 - - 77.9

60 -

40 - 37.8

Accuracy / Percentile (%)

A

20 -

AN

80.4 81.2
75.8

~]
p—t
(S}

50.0

AIME 2024 Codeforces GPQA Diamond

(Pass@1l)

(Percentile) (Pass@1)

Figure 10 | The benchmark performance of DeepSeek-R1 and DeepSeek-R1-Zero is compared
with human scores across different datasets. For AIME and Codeforces, the human scores
represent the average performance of all human competitors. In the case of GPQA, the human

score corresponds to Ph.D.-level individua!

s who had access to the web for answering the

questions.

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948



https://arxiv.org/pdf/2501.12948

Distillation of DeepSeek-R1

Training recipe
Generated / Filtered using DeepSeek-R1*
Reasoning (600K)

General (200K)

Reasoning LLM Self-curated data
(DeepSeek-R1*) (800k)

l Small Reasoning

Small LLM S —
(Qwen/Llama) LLM

(SFT Qwen/Llama)

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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DeepSeek-R1 performance

Distilled models

Table 15 | Comparison of DeepSeek-R1 distilled models and other comparable models on
reasoning-related benchmarks. Numbers in bold denote the performance is statistically

significant (t—test with p < 0.01).

GPQA LiveCode

Model AIME 2024 MATH Diamond Bench CodeForces
pass@l cons@64 pass@1 pass@l pass@l rating
GPT-40-0513 9.3 13.4 746 499 32.9 759
Claude-3.5-Sonnet-1022 16.0 26.7 78.3 65.0 38.9 717
DeepSeek-R1-Distill-Qwen-1.5B  28.9 52.7 83.9 33.8 16.9 954
DeepSeek-R1-Distill-Qwen-7B  55.5 83.3 92.8 49.1 37.6 1189
DeepSeek-R1-Distill-Qwen-14B  69.7 80.0 93.9 59.1 53.1 1481
DeepSeek-R1-Distill-Qwen-32B  72.6 83.3 94.3 62.1 57.2 1691
DeepSeek-R1-Distill-Llama-8B  50.4 80.0 89.1 49.0 39.6 1205
DeepSeek-R1-Distill-Llama-70B  70.0 86.7 94.5 65.2 57.5 1633

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948
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Does RL increase the reasoning capacity?
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Figure 1: (Left) The effect of current RLVR on LLM’s reasoning ability. Search trees are generated by repeated sampling
from the base and RLVR-trained models for a given problem. Grey indicates paths that are unlikely to be sampled by
the model, while black indicates paths that are likely to be sampled. Green indicates correct paths, which has positive
rewards. Our key finding is that all reasoning paths in the RLVR model are already present in the base model. For certain
problems like Problem A, RLVR training biases the distribution toward rewarded paths, improving sampling efficiency.
However, this comes at the cost of reduced scope of reasoning capacity: For other problems like Problem B, the base
model contains the correct path, whereas that of the RLVR model does not. (Right) As RLVR training progresses, the
average performance (i.e., pass@1) improves, but the coverage of solvable problems (i.e., pass@256) decreases, indicating a

reduction in LLM’s reasoning boundary.

Does Reinforcement Learning Really Incentivize Reasoning Capacity in LLMs Beyond the Base Model? [Yue et al. 2025]
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STaR: Self-Taught Reasoner

. . - )
Start Wlth a pretralned LLM /{ Question, Rationale, Answer J CO;:L:{

|

B e e e - - -

Assumes dataset with [
questions and answers.

Generate rationales - {. }

Fine-tune LLM on correctly
generated answer with rationale Q: Where do you put your grapes just

before checking out?
Answer Choices:

If it cannot generate the correct (a) mouth

: : (b) grocery cart (CORRECT)
answer, provide hint of the (c) super market
correct answer o s

Q: What can be used
to carry a small dog?
Answer Choices:

(a) swimming pool

(b) basket

(c) dog show

(d) backyard

(e) own home

A: The answer must be
something that can be
used to carry a small
dog. Baskets are

designed to hold things.

Therefore, the answer
is basket (b).

STaR: Self-Taught Reasoner Bootstrapping Reasoning With Reasoning [Zelikman 2022] - https://arxiv.org/pdf/2203.14465
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STaR: Self-Taught Reasoner

Question, Rationale, Answer

Question

Finetune

Rationale, Answer

Language
Model

Rationalize

Rationale
Generation

Hint

Correct
Answer

Rationale, Answer

Wrong
Answer

Q: What can be used
to carry a small dog?

Answer Choices:
(a) swimming pool
(b) basket

(c) dog show

(d) backyard

(e) own home

A: The answer must be
something that can be

used to carry a small
dog. Baskets are
designed to hold things.
Therefore, the answer
is basket (b).

STaR: Self-Taught Reasoner Bootstrapping Reasoning With Reasoning [Zelikman 2022] - https://arxiv.org/pdf/2203.14465
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STaR: Self-Taught Reasoner

Algorithm 1 STaR

Input M: a pretrained LLM; dataset D = {(z;,y;)} >, (w/ few-shot prompts)

1: My < M # Copy the original model

: fornin 1...N do # Outer loop

(73,9;) & M,_1(x;) Vi€ [1, D] # Perform rationale generation

(P2 ) «— M, 1(add _hint(z;, y,)) Vi € (1, D] # Perform rationalization

D,, + {(zi,7:,v;) | © € [1, D| A §; = y;} # Filter rationales using ground truth answers
Dra‘ — {(zi, ™™, y;) | i € [1, D) A i # yi N Y™ = y; } # Filter rationalized rationales
M — traln(M D,, UD) # Finetune the mwmal model on correct solutions - inner loop

. end for

AR AR R i L

STaR: Self-Taught Reasoner Bootstrapping Reasoning With Reasoning [Zelikman 2022] - https://arxiv.org/pdf/2203.14465
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ReST: Reinforced Self-Training

I

1

» Grow - generate dataset for training ] -
0 Better policy is trained
 Improve - use generated dataset to g ; on better datasets
fine-tune the policy ¥ 5 N
T' ] Tz " %reward "
Grow step \
T | Pt o G=1 G=2 Dataset is iteratively
~ topent : filtered to be better
Improve step I-step O (with higher reward
Filter + finetune < thf@ShO'dS)
\- Dg ~ T,

>

reward

Reinforced self-training (ReST) for language modeling [Gulcehre et al 2023] - https://arxiv.org/pdf/2308.08998
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ReST: Reinforced Self-Training

Algorithm 1: ReST algorithm. ReST is a growing-batch RL algorithm. Given an initial
policy of reasonable quality (for example, pre-trained using BC) iteratively applies Grow and
Improve steps to update the policy. Here F is a filtering function, and £ is an loss function.

Input: D: Dataset, D,,q: Evaluation dataset, L(x, y; 68): loss, R(x, y): reward model, G:
number of grow steps, I: number of improve steps, N: number of samples per context
Train mg on D using loss L.

forg=1toGdo
// Grow

Generate dataset D, by sampling: D, = { (x', yi)lf.fl s.t. x' ~ D, y' ~me(y|xt) }UD.
Annotate 9D, with the reward model R(x, y).

fori=1toIdo
// Improve

Choose threshold s.t. 71 > V,, for V;, = E o, [R(x,y)] and t;41 > 7.
while reward improves on D,,, do

| Optimise 6 on objective: J(0) = E(xy)~p, [F(x,y;T:) L(x,y;0)]
end
end

end
Output: Policy mg

Reinforced self-training (ReST) for language modeling [Gulcehre et al 2023] - https://arxiv.org/pdf/2308.08998
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ReST: Reinforced Self-Training

Improved performance on MT with multiple improve steps

IWSLT 2014 De-En (valid)

WMT 2020 Zh-En (valid)

82 Web Domain En-Zh

77 .0
78
o 80 76.5 76.4
§76 E T 76.0 -
= = 78 o )
=
= 75 - 875.5
% 74 %76 o 75.0
< o g
:73 : w 74.5
= z 74 S
- < 74.0 23 7
70 73.0

)
1]

Q G=0 G=1 G
1=0 1=0 I=1 I

1
2

Figure 3 | ReST with multiple Improve steps. Average reward model scores on IWSLT 2014 De-En,
WMT 2020 Zh-En, and Web Domain En-Zh validation sets. On each dataset, we report results with BC
(G =0, I =0) and ReST with a single Grow step and several Improve steps with an increasing reward
threshold. Each Improve step increases the reward model score in all three validation datasets. We
found the suitable number of Improve steps to be a dataset-dependent hyperparameter.

Reinforced self-training (ReST) for language modeling [Gulcehre et al 2023] - https://arxiv.org/pdf/2308.08998
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ReST: Reinforced Self-Training

Improved performance on MT with two grow steps
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Figure 4 | ReST with two Grow steps. The second Grow step with subsequent Improve steps
improves the performance by 5.3 points on IWSLT 2014 De-En and 0.8 points on Web Domain En-Zh
task over the first Grow step.

~J
S

Reinforced self-training (ReST) for language modeling [Gulcehre et al 2023] - https://arxiv.org/pdf/2308.08998
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ReSTEM: EM for Reinforced Self-Training

* Expectation maximization for reinforced self-training - simpler version of ReST
* (Generate (E-step) - Generate data by sampling + annotate with reward
* Improve (M-step) - Optimize parameters with generated data

o Differences from ReST

* Focus on problems with binary rewards (0/1) vs bounded real-value rewards

Beyond Human Data: Scaling Self-Training for Problem-Solving with Language Models [Singh et al 2023] - https://arxiv.org/pdf/2312.06585
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ReSTEM: EM for Reinforced Self-Training

Algorithm 1: ReST (Expectation-Maximization). Given a initial policy (e.g., pre-trained
LM), ReST*™ iteratively applies Generate and Improve steps to update the policy.
Input: P: Training dataset, D,,;: Validation dataset, L(x, y; 8): loss, r(x,y): Non-negative
reward function, I: number of iterations, N: number of samples per context

fori=1toIdo
// Generate (E-step)

Generate dataset D; by sampling: D; = { (x/, yf)\’;’: . st x! ~ D,y ~ pa(ylx?) }
Annotate 9; with the reward r(x, y).

// Improve (M-step)

while reward improves on D,q do
| Optimise 6 to maximize objective: J(6) = E(x y)-p, [r(x,y) log pg(y|x)]

end

end

Output: Policy pg

Beyond Human Data: Scaling Self-Training for Problem-Solving with Language Models [Singh et al 2023] - https://arxiv.org/pdf/2312.06585
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ReSTEM: EM for Reinforced Self-Training
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Figure 1 | Self-training with ReST*M substantially improves test performance of PaLM 2 models on
two challenging benchmarks: MATH and HumanEval. Results for other models are shown for general
progress on these tasks and are typically not comparable due to difference in model scales. GPT-4
results are taken from Bubeck et al. (2023). The x-axis approximately denotes release time (not to

scale).
Beyond Human Data: Scaling Self-Training for Problem-Solving with Language Models [Singh et al 2023] - https://arxiv.org/pdf/2312.06585
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ReST-MCTS:: LLM Self-Training via Process Reward Guided Tree Search

Includes training of process reward model
lteratively

* (Generate new traces / filter for high reward traces
* |mprove policy model

e Collect process ward

* [rain process reward model

ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search [Zhang et al. 2024] - https://arxiv.org/pdf/2406.03816
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ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search

Algorithm 1: Mutual self-training ReST-MCTS™ for value model and policy model.

Input: base LLM 7, original dataset for policy model Dg,, original dataset for value model D,
new problem set D¢, number of solutions NV, j-th solution A;, correct solution a™, value model
Vi, weighted value function w, quality value function v, number of iterations 7.

1: wg, < SFI(mw,Dg,)// fine-tune generator

2: Dy, < generate_value_data(Dy, w,v) // initialize train set for value model

3: Vi « train_value_model(Vy, Dy, ) // initialize value model

4: for. =1to1T do

5.  Dg. < generate_policy_data(mg, ,, V;_1 guided MCTS*, D, N) // generate
synthetic data for policy model

6: forj=1to N do

7: DG,;(A.,:a-) < label_correctness(D¢.) // match and select correct solutions

8: end for

9: Tg, <—SFT(WSZ-_UDG.i(Aj=a~)|g.V':1)// self-training policy model

10: Dy, < extract_value_data(D¢, ) // collect process reward and extract value data
11:  V; < train_value_model(V;_,,Dy.) // self-training value model

12: end for

Output: 7g ., Vp

ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search [Zhang et al. 2024] - https://arxiv.org/pdf/2406.03816
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Figure 1: The left part presents the process of inferring process rewards and how we conduct process
reward guide tree-search. The right part denotes the self-training of both the process reward model

and the policy model.

ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search [Zhang et al. 2024] - https://arxiv.org/pdf/2406.03816
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ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search

Table 1: Key differences between existing self-improvement methods and our approach. Train refers
to whether to train a reward model.

Method Reasoning Policy Reward Guidance
Method Value Label Train

i STaR [4] CoT+Refiexion Final outcome reward annotated by ground-truth answer X

ReSTEM [6] / RFT [5]/RPO [11] CoT X

Verify Step-by-Step [1] Best-of-N Per-step process reward annotated by human v

MATH-SHEPHERD [12]/ pDPO [13] Best-of-N Per-step process reward inferred from random rollout v

TS-LLM [14] MCTS Per-step process reward inferred from TD-A [15] v

V-STaR [7] CoT Final outcome reward generated by multi-iteration LLMs v

Self-Rewarding [16] CoT Final outcome reward generated and judged by LLMs X
ReST-MCTS™ (Ours) MCTS” Per-step process reward inferred from tree search (MCTS™) | Multi-Iter

ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search [Zhang et al. 2024] - https://arxiv.org/pdf/2406.03816
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ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search

Table 2: Primary results by training both policy and value model for multiple iterations. For each
backbone, different self-training approaches are conducted separately. This means each approach has
its own generated train data and corresponding reward (value) model. Our evaluation 1s zero-shot

only, the few-shot baseline only serves as a comparison.

Model Self-Training Methods MATH GPQApiamonda CEval-Hard | Ave.

Oth 1teration (zero-shot)

Oth 1teration (few-shot)

20.76
30.00

27.27
31.31

26.32
25.66

24.78
28.99

(Below are fine-tuned from model of previous iteration with self-generated traces)

w/ ReSTEM (1t iteration) 30.84 26.77 21.05 17.22
LLaMA-3-8B-Instruct w/ Self-Rewarding (1st iteration) 30.34 26.26 25.66 27.42
w/ ReST-MCTS™ (1st iteration) 31.42 24.24 26.97 27.55
w/ ReSTEM (2nd iteration) 33.52 25.25 21.71 26.83
w/ Self-Rewarding (2nd iteration) | 33.89 26.26 23.03 27.73
w/ ReST-MCTS* (2nd iteration) | 34.28 27.78 25.00 29.02

ReST-MCTS+: LLM Self-Training via Process Reward Guided Tree Search [Zhang et al. 2024] - https://arxiv.org/pdf/2406.03816
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ReST-MCTS:: LLM Self-Training via Process Reward Guided Tree Search

ww ReST-MCOTS® (lter #2) i ReST-MCTS*
gt p—t—" 022 T4 s ecary A
O 45' =@®= ORM+Best-of-N B Seclf-Consistency /* +
' B Scif-Consistency | /X' 3 0.20 /x /
/,!’——“——__“ x /+
5 0.40: : ‘ >0l / + _—
= / = / +
2 x B 7\
M g "éi:_———_——_-‘"‘ <0.1¢ /
0.30: ’#7 014 +/+ + + '
‘ +/ /
0.121
0 10.000 20.000 30.000 40.000 0 9.174 18.348 27.522

Completion Tokens (Average Per Question) Completion Tokens (Average Per Question)

(a) Self-training of value model on MATH. (b) Comparison of value model on SciBench.
Figure 2: Accuracy of different searches on MATH and SciBench with varied sampling budget.
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