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Today, in Vancouver, it is 31 F and red

Today, in Vancouver, it is 31 F and snowing

Consider

vs

• Both are grammatical


• But which is more likely?
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What is Language Modeling?

• We want to be able to estimate the probability of a sequence of words 


• How likely is a given phrase / sentence / paragraph / document?


• We want to be able to compute 

Why is this useful?  
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<latexit sha1_base64="8u8r93p2B+o46uuE0CaGrvKG1tw="></latexit>

P (s) = P (w1, . . . , wT ) =
TY

t=1

P (wt|w<t)

<latexit sha1_base64="Hy+L1j2Fw/JlLiBBTe7e3+ffq+4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahhVKSUtSNUHTjMkJf0IYwmUzaoZMHMxNLKV268VfcuFDErZ/gzr9x0mahrQcunDnnXube48aMCmkY31pubX1jcyu/XdjZ3ds/0A+P2iJKOCYtHLGId10kCKMhaUkqGenGnKDAZaTjjm5Tv/NAuKBR2JSTmNgBGoTUpxhJJTn6qVUSZXgNrdLYMStw7NQqsM+8SIr00Sw7etGoGnPAVWJmpAgyWI7+1fcinAQklJghIXqmEUt7irikmJFZoZ8IEiM8QgPSUzREARH2dH7IDJ4rxYN+xFWFEs7V3xNTFAgxCVzVGSA5FMteKv7n9RLpX9lTGsaJJCFefOQnDMoIpqlAj3KCJZsogjCnaleIh4gjLFV2BRWCuXzyKmnXquZFtX5fLzZusjjy4AScgRIwwSVogDtggRbA4BE8g1fwpj1pL9q79rFozWnZzDH4A+3zB9zclrs=</latexit>

P (s) = P (w1, w2, . . . , wT )



Applications

• Predicting words is important in many situations


• Autocomplete


• Machine translation


• Speech recognition/Spell checking


• Information extraction, Question answering

P (a smooth finish) > P (a flat finish)

P (high school principal) > P (high school principle)
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Hypothesis scores for speech recognition
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Hypothesis scores for machine translation
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Why is language model important?

• Much of the current successes in NLP comes from large pre-
trained language models (BERT, GPT, T5, …)


• By training neural language models, we can obtain useful 
representations for words and sentences.


• Can take the pre-trained language fine tune for specific tasks or 
use in zero-shot setting 

Zero-Shot Text-Guided Object Generation with Dream Fields, Jain et al., CVPR 2022



Language Modeling

Predict probability of sequence of words


<latexit sha1_base64="8u8r93p2B+o46uuE0CaGrvKG1tw="></latexit>

P (s) = P (w1, . . . , wT ) =
TY

t=1

P (wt|w<t)
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with n-grams





with HMMs


<latexit sha1_base64="te4UgyxB6fuTxCWXFdKYrmQYx24=">AAACF3icbVBNS8NAEN3U7++qRy+LRVC0NRFFDx6KXjxWsB/QhrDZbnTpZhN2J2qJ+Rke/C0evKh47dF/47b2UFsfDDzem2Fmnh8LrsG2v63c1PTM7Nz8wuLS8srqWn59o6ajRFFWpZGIVMMnmgkuWRU4CNaIFSOhL1jd71z2/fo9U5pH8ga6MXNDcit5wCkBI3n5w8rugwf4CT946Tlke7hF4lhFj3hEh6Lcdw4wFJ1sz8sX7JI9AJ4kzpAU0BAVL99rtSOahEwCFUTrpmPH4KZEAaeCZYutRLOY0A65ZU1DJQmZdtPBYxneMUobB5EyJQEP1NGJlIRad0PfdIYE7vS41xf/85oJBGduymWcAJP0d1GQCAwR7qeE21wxCqJrCKGKm1sxvSOKUDBZmgyc8Y8nSe2o5JyU7OvjQvlimMY82kLbaBc56BSV0RWqoCqi6Bm9onf0Yb1Yb9an9fXbmrOGM5voD6zeD3itnc4=</latexit>

P (wt|w<t) ⇡ P (wt|wt�n+1,t�1)

<latexit sha1_base64="1W+OCq4/tF5nlGADlRrX14petk8=">AAACJXicbVDLSgMxFM34tr6qLt0Ei9CiLTOi6EJBdOOygtVCW4ZMmukEM5khuaOWsV/jwm9x4cIHgit/xbQdQasHAueecy8393ix4Bps+8MaG5+YnJqemc3NzS8sLuWXVy50lCjKajQSkap7RDPBJasBB8HqsWIk9AS79K5O+v7lNVOaR/IcujFrhaQjuc8pASO5+cNq8cYFfIdv3PQAeiXcJHGsolv8rQculEwRZEUKZbnpbGEoO6bZzRfsij0A/kucjBRQhqqbf262I5qETAIVROuGY8fQSokCTgXr5ZqJZjGhV6TDGoZKEjLdSgdn9vCGUdrYj5R5EvBA/TmRklDrbuiZzpBAoEe9vvif10jA32+lXMYJMEmHi/xEYIhwPzPc5opREF1DCFXc/BXTgChCwSRrMnBGL/5LLrYrzm7FPtspHB1nacygNbSOishBe+gInaIqqiGK7tEjekGv1oP1ZL1Z78PWMSubWUW/YH1+AYpxol4=</latexit>

P (wt|w<t) ⇡ P (wt|ht)P (ht|ht�n+1,t�1)

with neural networks





with fixed window





with RNNs


<latexit sha1_base64="M5BrvPdeSmcyfagEkftBYaSLsTY="></latexit>

p(wt | w<t) ⇡ p(wt | �(w1, . . . , wt�1))

<latexit sha1_base64="nVLTfTeRZqZQDE/Bjafx+3dZXyk=">AAACHXicbZDLSgMxFIYzXmu9jbp0EyyCRS0zoujCRdGNywr2Am0ZMmlqg5lMSM5Yy9gnceGzuHCjIrgS38b0Inj7IfDxn3M4OX+oBDfgeR/OxOTU9MxsZi47v7C4tOyurFZMnGjKyjQWsa6FxDDBJSsDB8FqSjMShYJVw6vTQb16zbThsbyAnmLNiFxK3uaUgLUC96C01Q0A3+JukB5DP48bRCkd3+Avv6E63GIKu3Lb38Gw6/fz+cDNeQVvKPwX/DHk0FilwH1rtGKaREwCFcSYuu8paKZEA6eC9bONxDBF6BW5ZHWLkkTMNNPheX28aZ0WbsfaPgl46H6fSElkTC8KbWdEoGN+1wbmf7V6Au2jZsqlSoBJOlrUTgSGGA+ywi2uGQXRs0Co5vavmHaIJhRsojYD//fFf6GyV/APCt75fq54Mk4jg9bRBtpCPjpERXSGSqiMKLpDD+gJPTv3zqPz4ryOWiec8cwa+iHn/ROp5J/4</latexit>

P (wt|w<t) ⇡ P (wt|�(wt�n+1,t�1))

<latexit sha1_base64="7HlT3ME8On/LeXhTsivKy7OcKg8="></latexit>

P (wt|w<t) ⇡ P (wt|ht),ht = f(ht�1,xt)



What to know about LMs?

• What is a language model?


• Statistical language model using ngrams


• How to build a language model? 


• MLE and smoothing 


• How to use the language model? 


• How to tell if our language model is working well?

9

Generation

Evaluation

Training the model from data
Learning/estimating model parameters



What is a language model?

Setup: Assume a finite vocabulary of words 

                 

V

V = {cat, clown, crazy, killer, mat, on, sat, the}

Probabilistic model of a sequence of words

 can be used to construct a infinite set of sentences (sequences of words)


           

                      


where a sentence is defined as  where 

V

V+ = {clown, cat sat, killer clown, crazy clown, crazy cat,
crazy killer clown, killer crazy clown, …}

s ∈ V+ s = {w1, …, wn}
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Training Data (bunch of sentences) 


• crazy crazy  


•  killer clown  


•  crazy clown   


• killer


• killer


• killer clown crazy


• clown clown crazy 

…

What is a language model?

Given a training data set of example sentences 



Estimate a probability model


S = {s1, s2, …, sm}, si ∈ V+

∑
sj∈V+

P(sj) = ∑
j

P(w1, …, wnj
) = 1.0

Probabilistic model of a sequence of words

Language Model
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• p(clown) = 1e-5

• p(killer) = 1e-6


• p(killer clown) = 1e-12


• p(crazy killer clown) = 1e-21


• p(crazy killer clown killer) = 1e-110


• p(crazy slow killer killer) = 1e-127 



Where do we get the vocabulary?

• Get from a list of words (say a dictionary)


• Build from training data 


• Decide on vocabulary size (say |V| = 50K) and then pick 
most frequent words 


• Take words that occur more than T times.

12

Common Setup: Assume a finite vocabulary of words 
V



Learning language models

• We can directly count using a training data set of sentences


•  


•  is a function that counts how many times each sentence occurs


•  is the sum over all possible  values

P(w1, …, wn) =
C(w1, …, wn)

N

C

N C( ⋅ )

How to estimate the probability of a sentence?

13

Problem: does not generalize to 
new sentences unseen in the 
training data



Estimating joint probabilities with the chain rule

Sentence: “the cat sat on the mat” Example

14

<latexit sha1_base64="sYzXFTI7i5NpENyXwuYr2oB+BW4="></latexit>

P (the cat sat on the mat) = P (the)⇥ P (cat|the)⇥ P (sat|the cat)

⇥P(on|the cat sat)⇥ P (the|the cat sat on)

⇥P (mat|the cat sat on the)

<latexit sha1_base64="XVVxeQnTKLu9rIdn/Ua9R5EmzWw="></latexit>

P (w1, w2, . . . , wn) = P (w1)P (w2|w1)P (w3|w1, w2)⇥ . . .⇥ P (wn|w1, w2, . . . , wn�1)

=
nY

i=1

P (wi|w1, . . . , wi�1)



Markov assumption
• Use only the recent past to predict the next word


• Reduces the number of estimated parameters in exchange 
for modeling capacity


• 0th order


• 1st order


• 2nd order


• kth order


• Probability of sequence:

P (mat|the cat sat on the) ⇡ P (mat|the)

P (mat|the cat sat on the) ⇡ P (mat|on the)

15

<latexit sha1_base64="IEl4Txqs9e+yk0/t8pSua4a2cVQ=">AAACKHicbVDJSgNBEO1xjXEb9eilMQjJJcxIUG+KXjxGMImQhNDTqZjGnu6hu0YMYz7Hi7/iRUSRXP0SO8vBraDg1at6VNWLEiksBsHIm5tfWFxazq3kV9fWNzb9re261anhUONaanMdMQtSKKihQAnXiQEWRxIa0e35uN+4A2OFVlc4SKAdsxsleoIzdFTHP6kWWwj3mMUMh/SBTgvsA3UT1LrUirpyWKItliRG39PvilLHLwTlYBL0LwhnoEBmUe34r62u5mkMCrlk1jbDIMF2xgwKLmGYb6UWEsZv2Q00HVQsBtvOJo8O6b5jurSnjUuFdMJ+V2QstnYQR27SXde3v3tj8r9eM8XecTsTKkkRFJ8u6qWSoqZj12hXGOAoBw4wboS7lfI+M4yj8zbvTAh/v/wX1A/K4WG5clkpnJ7N7MiRXbJHiiQkR+SUXJAqqRFOHskzeSPv3pP34n14o+nonDfT7JAf4X1+Afj3pow=</latexit>

P (mat|the cat sat on the) ⇡ P (mat)Unigram

Bigram

Trigram



Estimating n-gram probabilities

• Maximum likelihood estimate (MLE): Use counts from text corpus

P (wi|wi�1) =
C(wi�1, wi)

C(wi�1)

P (wi|wi�1, wi�2) =
C(wi�2, wi�1, wi)

C(wi�2, wi�1)

Can reuse counts for multiple estimations
16

Bigram

Unigram

Trigram

<latexit sha1_base64="ZKZjH6aMCzRlUH+UP0ojyoade8U=">AAACLHicbVDNS8MwHE39nPOr6tFLcAjzMloZ6kUY7uJJJrgPWEtJs3QLS9OSpMoo/YO8+K8I4sEhXv07zLoedPNB4OW99yP5PT9mVCrLmhorq2vrG5ulrfL2zu7evnlw2JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP27O/O4jEZJG/EFNYuKGaMhpQDFSWvLMZqv65NEzeA2dQCCcNvNrljoyCb1Uc+hQDjsZnBswW0reZZ5ZsWpWDrhM7IJUQIGWZ745gwgnIeEKMyRl37Zi5aZIKIoZycpOIkmM8BgNSV9TjkIi3TRfNoOnWhnAIBL6cAVz9fdEikIpJ6GvkyFSI7nozcT/vH6igis3pTxOFOF4/lCQMKgiOGsODqggWLGJJggLqv8K8QjpKpTut6xLsBdXXiad85p9Uavf1yuNm6KOEjgGJ6AKbHAJGuAWtEAbYPAMXsEHmBovxrvxaXzNoytGMXME/sD4/gGpUKYT</latexit>

P (wi) =
C(wi)P

wi2V C(wi)
=

C(wi)

N



Maximum Likelihood Estimation
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We want to find the set of parameters  that maximize 
the probability of the training data

<latexit sha1_base64="58+/NA03sNqe+Fr8QWa05JxjZUc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDbbTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tju5nfeeLaiEQ94iTlQUyHSkSCUbSS748o5j6OONJpv1pz6+4cZJV4BalBgWa/+uUPEpbFXCGT1Jie56YY5FSjYJJPK35meErZmA55z1JFY26CfH7zlJxZZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif95vQyjmyAXKs2QK7ZYFGWSYEJmAZCB0JyhnFhCmRb2VsJGVFOGNqaKDcFbfnmVtC/q3lX98uGy1rgt4ijDCZzCOXhwDQ24hya0gEEKz/AKb07mvDjvzseiteQUM8fwB87nD32Ckf4=</latexit>

✓̂

<latexit sha1_base64="uPmYb9xsEEa0pop2XfWVLKalQmk="></latexit>

✓̂ = argmax
✓2⇥

L̂(✓;D)

Likelihood function

• How likely it is to see the examples in the 

training data

• Function of the parameters you are using 

to model the probability

• Probability density over data samples 

(sentences)

Typical assumptions

•Samples are iid (independently and 
identically distributed)

Likelihood
<latexit sha1_base64="80lqP++UDb4wF9saje5opGdek4I="></latexit>

L̂m(✓;D) =
mY

j=1

P (w(j)
1 , . . . , w(j)

nj
) =

mY

j=1

njY

i=1

P (w(j)
i |w(j)

1 , . . . , w(j)
nj

)

Log-Likelihood

Easier to work with (products to sums)

Numeric underflow less of a issue


<latexit sha1_base64="ImAppDESp4CGEV8KFVFHyzhpY8k="></latexit>

ˆ̀
m(✓;D) =

mX

j=1

logP (w(j)
1 , . . . , w(j)

nj
) =

mX

j=1

njX

i=1

logP (w(j)
i |w(j)

1 , . . . , w(j)
nj

)

Corpus of N sentences

Using our model, we can estimate the 
probabilities of these sentencesParameters

<latexit sha1_base64="Fb5o0p76N8VCLghkYNXOXOzcfVI=">AAACEnicbVDLSgNBEJz1GeMr6tHLYBASiGFXgoqnoBePEcwDsssyO5kkQ2YfzPQawppv8OKvePGgiFdP3vwbJ8keNLGgoajqprvLiwRXYJrfxtLyyuraemYju7m1vbOb29tvqDCWlNVpKELZ8ohiggesDhwEa0WSEd8TrOkNrid+855JxcPgDkYRc3zSC3iXUwJacnNFG/oMyCW2ExwVhi7HD3joWiVbdEJQpaGb8BNrXMT22M3lzbI5BV4kVkryKEXNzX3ZnZDGPguACqJU2zIjcBIigVPBxlk7ViwidEB6rK1pQHymnGT60hgfa6WDu6HUFQCeqr8nEuIrNfI93ekT6Kt5byL+57Vj6F44CQ+iGFhAZ4u6scAQ4kk+uMMloyBGmhAqub4V0z6RhIJOMatDsOZfXiSN07J1Vq7cVvLVqzSODDpER6iALHSOqugG1VAdUfSIntErejOejBfj3fiYtS4Z6cwB+gPj8wev4Zw8</latexit>

✓ : {p(wi|w1, . . . , wi�1)}



Maximum Likelihood Estimation 
(for categorical distributions)

• Unigram: 


• Probability:


• MLE is the sample mean


• Optimize


• Solve using Lagrange Multipliers
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<latexit sha1_base64="J+1ywqBF15mYPFA4t61ZmBH2g+U="></latexit>

PML(w) = argmax
P (w)

NX

j=1

njX

i=1

logP (w(j)
i ) = argmax

P (w)

X

w2V

C(w) logP (w)

<latexit sha1_base64="bmyNBpk81hXn4yFmFGI8sDlgYyI=">AAACBXicbVDLSgMxFL3js9bXqEtdBItQN2VGiroRit24rGAf0BlKJpNpQzMPkoxShm7c+CtuXCji1n9w59+YtrPQ1gOBk3PuIbnHSziTyrK+jaXlldW19cJGcXNre2fX3NtvyTgVhDZJzGPR8bCknEW0qZjitJMIikOP07Y3rE/89j0VksXRnRol1A1xP2IBI1hpqWceNcoPp+gKOYHAJKvryzhzuM77eIx6ZsmqWFOgRWLnpAQ5Gj3zy/FjkoY0UoRjKbu2lSg3w0Ixwum46KSSJpgMcZ92NY1wSKWbTbcYoxOt+CiIhT6RQlP1dyLDoZSj0NOTIVYDOe9NxP+8bqqCSzdjUZIqGpHZQ0HKkYrRpBLkM0GJ4iNNMBFM/xWRAdZ9KF1cUZdgz6+8SFpnFfu8Ur2tlmrXeR0FOIRjKIMNF1CDG2hAEwg8wjO8wpvxZLwY78bHbHTJyDMH8AfG5w9HR5cx</latexit>

P (w) =
C(w)

�

<latexit sha1_base64="3CqPCBWgB+DT4LbQGm98fhE7Xr4=">AAACIXicbVDNS8MwHE39nPOr6tFLcAjzMloZuosw3MWTTHAfsJaSZukWlqYlSR2j9F/x4r/ixYMiu4n/jFm3g24+CLy8934kv+fHjEplWV/G2vrG5tZ2Yae4u7d/cGgeHbdllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek448aM7/zRISkEX9Uk5i4IRpwGlCMlJY8s9Ysjy/gDXQCgXDa0JcsdWQSeukYOpTDdgZzcSlyn3lmyapYOeAqsRekBBZoeubU6Uc4CQlXmCEpe7YVKzdFQlHMSFZ0EklihEdoQHqachQS6ab5hhk810ofBpHQhyuYq78nUhRKOQl9nQyRGsplbyb+5/USFdTclPI4UYTj+UNBwqCK4Kwu2KeCYMUmmiAsqP4rxEOki1C61KIuwV5eeZW0Lyv2VaX6UC3Vbxd1FMApOANlYINrUAd3oAlaAINn8ArewYfxYrwZn8Z0Hl0zFjMn4A+M7x8B7qGd</latexit>

P (w) =
C(w)P

w2V C(w)
=

C(w)

N

<latexit sha1_base64="FrPmlSW838L/8JDK2l4n1ER28jw=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKUmakqBuh6MZlBfuAzlAy6W0bmskMScZShn6AG3/FjQtF3PoB7vwb0+kstPVA4HDOudzc40ecKW3b39bS8srq2npuI7+5tb2zW9jbb6gwlhTqNOShbPlEAWcC6pppDq1IAgl8Dk1/eDP1mw8gFQvFvR5H4AWkL1iPUaKN1CkUa6XRCXb7gO1T7Ko46CQj7DKBGxOcWlfYMSm7bKfAi8TJSBFlqHUKX243pHEAQlNOlGo7dqS9hEjNKIdJ3o0VRIQOSR/ahgoSgPKS9JgJPjZKF/dCaZ7QOFV/TyQkUGoc+CYZED1Q895U/M9rx7p36SVMRLEGQWeLejHHOsTTZnCXSaCajw0hVDLzV0wHRBKqTX95U4Izf/IiaZyVnfNy5a5SrF5ndeTQITpCJeSgC1RFt6iG6oiiR/SMXtGb9WS9WO/Wxyy6ZGUzB+gPrM8fsw2YPA==</latexit>

P (w) � 0,
X

w2V

P (w) = 1

<latexit sha1_base64="xFepTWSceZ3eYgxqdFI9e2WTl5Y=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklySpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmv1+3qlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTC6Nww==</latexit>

P (w)

<latexit sha1_base64="VRwX/z7ti0fGNkeFjSMmyIeduIQ="></latexit>

g(�, P (·)) =
X

w2V

C(w) logP (w)� �(
X

w2V

P (w)� 1)



Using Language Models
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How to use n-gram LMs?

• Computing probability


• Completion


• Generating text

20

P (high school principal) > P (high school principle)

<latexit sha1_base64="G0bLj6FCb22HpK+LORnpSPCXA80="></latexit>

argmax
w2V

P (w|where, is, SFU)



Computing the probability of a sentence

Apply the Chain Rule: the trigram model

21

<latexit sha1_base64="+MnmVt64H/EX6FXYyLzOMBRte00="></latexit>

P (w1, . . . , wn)

⇡ P (w1)P (w2 | w1)P (w3 | w1, w2) . . . P (wn | wn�2, wn�1)

⇡ P (w1)P (w2 | w1)
nY

i=3

P (wi | wi�2, wi�1)
Not proper 
distribution unless we 
add a stop symbol 

(or </s> end of 
sentence marker) 


Not trigrams! 

Pad our sentence 
with <s>

(start of sentence 
markers)


<latexit sha1_base64="+KjAEE2uXHt1HvKD5E/+W6wRG+k="></latexit>

P (w1) = P (w1| < s >< s >)
P (w2|w1) = P (w2| < s > w1)

<latexit sha1_base64="yVGky4ffagQWeYTP0FGOTKledJU="></latexit>

P (w1, . . . , wn) ⇡
nY

i=1

P (wi | wi�2, wi�1)
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• How do you generate text from an n-gram model?


• Sample from distribution, generating tokens from left to right


• Use the last  words for context


• Select from multinomial over the vocabulary  that include a 
STOP token.  Repeat until STOP is generated.

n − 1

Generating text from n-grams
generative model



Generalization
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Number of Parameters

Question

24

<latexit sha1_base64="eddHrQ5By5WmhaTfgMWqSn0i/bA=">AAACLXicbZDLSgMxFIYzXmu9VV26CRbBhZQZKepGKOrCZQV7gc5QMmnahmYuJGfEcZgXcuOriOCiIm59DTNtldp6IPDl/88hOb8bCq7ANIfGwuLS8spqbi2/vrG5tV3Y2a2rIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q6uMr9xz6TigX8Hccgcj/R83uWUgJbahWvbI9CnRCT1FF9gO8E2sAdItJ8e/7Akj/HvzZtylGZsp+1C0SyZo8LzYE2giCZVbRde7U5AI4/5QAVRqmWZITgJkcCpYGnejhQLCR2QHmtp9InHlJOMtk3xoVY6uBtIfXzAI3V6IiGeUrHn6s5sNzXrZeJ/XiuC7rmTcD+MgPl0/FA3EhgCnEWHO1wyCiLWQKjk+q+Y9okkFHTAeR2CNbvyPNRPStZpqXxbLlYuJ3Hk0D46QEfIQmeogm5QFdUQRU/oBQ3Ru/FsvBkfxue4dcGYzOyhP2V8fQNriKmA</latexit>

V = {cat, crazy,mat, sat}



Number of Parameters

Question
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<latexit sha1_base64="eddHrQ5By5WmhaTfgMWqSn0i/bA=">AAACLXicbZDLSgMxFIYzXmu9VV26CRbBhZQZKepGKOrCZQV7gc5QMmnahmYuJGfEcZgXcuOriOCiIm59DTNtldp6IPDl/88hOb8bCq7ANIfGwuLS8spqbi2/vrG5tV3Y2a2rIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q6uMr9xz6TigX8Hccgcj/R83uWUgJbahWvbI9CnRCT1FF9gO8E2sAdItJ8e/7Akj/HvzZtylGZsp+1C0SyZo8LzYE2giCZVbRde7U5AI4/5QAVRqmWZITgJkcCpYGnejhQLCR2QHmtp9InHlJOMtk3xoVY6uBtIfXzAI3V6IiGeUrHn6s5sNzXrZeJ/XiuC7rmTcD+MgPl0/FA3EhgCnEWHO1wyCiLWQKjk+q+Y9okkFHTAeR2CNbvyPNRPStZpqXxbLlYuJ3Hk0D46QEfIQmeogm5QFdUQRU/oBQ3Ru/FsvBkfxue4dcGYzOyhP2V8fQNriKmA</latexit>

V = {cat, crazy,mat, sat}



Number of Parameters

Question

26

<latexit sha1_base64="eddHrQ5By5WmhaTfgMWqSn0i/bA=">AAACLXicbZDLSgMxFIYzXmu9VV26CRbBhZQZKepGKOrCZQV7gc5QMmnahmYuJGfEcZgXcuOriOCiIm59DTNtldp6IPDl/88hOb8bCq7ANIfGwuLS8spqbi2/vrG5tV3Y2a2rIJKU1WggAtl0iWKC+6wGHARrhpIRzxWs4Q6uMr9xz6TigX8Hccgcj/R83uWUgJbahWvbI9CnRCT1FF9gO8E2sAdItJ8e/7Akj/HvzZtylGZsp+1C0SyZo8LzYE2giCZVbRde7U5AI4/5QAVRqmWZITgJkcCpYGnejhQLCR2QHmtp9InHlJOMtk3xoVY6uBtIfXzAI3V6IiGeUrHn6s5sNzXrZeJ/XiuC7rmTcD+MgPl0/FA3EhgCnEWHO1wyCiLWQKjk+q+Y9okkFHTAeR2CNbvyPNRPStZpqXxbLlYuJ3Hk0D46QEfIQmeogm5QFdUQRU/oBQ3Ru/FsvBkfxue4dcGYzOyhP2V8fQNriKmA</latexit>

V = {cat, crazy,mat, sat}



Number of parameters

27



Generalization of n-grams

• Not all n-grams will be observed in training data!


• There can be unknown words in the test set!


• Test corpus might have some that have zero probability under our 
model


• Training set: Google news


• Test set: Shakespeare


• P (affray | voice doth us) = 0                   P(test corpus) = 0

28



Sparsity in language

Fr
eq

ue
nc

y

Rank

• Long tail of infrequent words


• Most finite-size corpora will have this problem.

Zipf’s Law


freq / 1

rank

29



Unknown words

• Typically assume closed vocabulary 


• What about words not in the vocabulary?  


• Known as OOV (out-of-vocabulary) words.  


• Introduce <UNK> token to represent the unknown words


• If we never see these words in the training data, any sentence with these words will get a 
probability of 0!


• Can handle these unknown words by:


• Estimate the probability of unknown word as:


• Or modify training data so rare words (words that appear < T times) are treated as <UNK> 

30

<latexit sha1_base64="lytNq/tLD46O9TWifAz8X8AkumY=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiSNiVoF6EoBePEcwDkrDMTmaTIbOzy0yvGjb7E178FS8eFPEqePNvnDwOmljQUFR1093lRYJrsO1va2FxaXllNbOWXd/Y3NrO7ezWdBgryqo0FKFqeEQzwSWrAgfBGpFiJPAEq3v9q5Ffv2NK81DewiBi7YB0Jfc5JWAkN3dccZMWsAdIYtlP08L9Eb7ALV8RmjhpMqy5E5MIkQ5TN5e3i/YYeJ44U5JHU1Tc3FerE9I4YBKoIFo3HTuCdkIUcCpYmm3FmkWE9kmXNQ2VJGC6nYy/SvGhUTrYD5UpCXis/p5ISKD1IPBMZ0Cgp2e9kfif14zBP28nXEYxMEkni/xYYAjxKCLc4YpREANDCFXc3Ippj5hIwASZNSE4sy/Pk9pJ0Tktlm5K+fLlNI4M2kcHqIAcdIbK6BpVUBVR9Iie0St6s56sF+vd+pi0LljTmT30B9bnD70vn9c=</latexit>

Punk(w) =
1

|Vall|
<latexit sha1_base64="lHhp9GZOhiJumDibEjo//uoWaRE=">AAACEXicbVDJSgNBEO2JW4zbqEcvjUHIKcxIUA8qQS+CIBHMApkw9HR6kiY9C901YhjmF7z4K148KOLVmzf/xs5y0MQHBY/3qqiq58WCK7CsbyO3sLi0vJJfLaytb2xumds7DRUlkrI6jUQkWx5RTPCQ1YGDYK1YMhJ4gjW9weXIb94zqXgU3sEwZp2A9ELuc0pAS65ZaripA+wBUiJEluEz3MAOTWLspKcTvX5znZ07mWsWrbI1Bp4n9pQU0RQ11/xyuhFNAhYCFUSptm3F0EmJBE4FywpOolhM6ID0WFvTkARMddLxRxk+0EoX+5HUFQIeq78nUhIoNQw83RkQ6KtZbyT+57UT8E86KQ/jBFhIJ4v8RGCI8Cge3OWSURBDTQiVXN+KaZ9IQkGHWNAh2LMvz5PGYdk+KlduK8XqxTSOPNpD+6iEbHSMqugK1VAdUfSIntErejOejBfj3fiYtOaM6cwu+gPj8wcQS50r</latexit>

Vall = V [ {< UNK >}



Smoothing n-gram Models

31



Smoothing intuition

(Credits: Dan Klein)

Taking from the rich and giving to the poor

32



Smoothing

• Smoothing deals with events that have been observed zero or very few 
times


• Handle sparsity by making sure all probabilities are non-zero in our model


• Additive: Add a small amount to all probabilities


• Discounting: Redistribute probability mass from observed n-grams to 
unobserved ones


• Interpolation: Use a combination of different n-grams 


• Back-off: Use lower order n-grams if higher ones are too sparse

33
Ensure proper probability distribution



Add-one (Laplace) smoothing

• Why add 1? 1 is an overestimate for unobserved events 


• Max likelihood estimate for bigrams:


• Let  be the number of words in our vocabulary.  Assign 
count of 1 to unseen bigrams


• After smoothing:

<latexit sha1_base64="z3MoyZa8mY6QieTK4QBtMvSMi3I=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyiOBDZkdGpgwO7uZmTUhC5/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCooaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR7cxvPqHSPJKPZhyjH9KB5H3OqLHSw6Qx6RZLbtmdg6wSLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCp4VOojGmbEQH2LZU0hC1n85PnZIzq/RIP1K2pCFz9fdESkOtx2FgO0NqhnrZm4n/ee3E9K/9lMs4MSjZYlE/EcREZPY36XGFzIixJZQpbm8lbEgVZcamU7AheMsvr5LGRdm7LFfuK6XqTRZHHk7gFM7Bgyuowh3UoA4MBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AeLWN7w==</latexit>

|V |

34

<latexit sha1_base64="2OLnBZ7V00q1iiVXZWKT60CQwqg="></latexit>

PAdd1(wi |wi�1) =
1 + C(wi�1, wi)

|V |+ C(wi�1)

<latexit sha1_base64="hw4Xz4sgdvIjymkDSLtX1k8IfmQ="></latexit>

PML(wi |wi�1) =
C(wi�1, wi)

C(wi�1)



• Why add 1? 1 is an overestimate for unobserved events 


• Additive smoothing ( ):


• Also known as add-alpha (the symbol  is used instead of )

0 < δ ≤ 1

α δ

Additive smoothing 
(Lidstone 1920, Jeffreys 1948)

35

<latexit sha1_base64="iGzhkXAzSBVtxXhWPRV1UHLf/4o="></latexit>

PAdd�(wi |wi�1) =
� + C(wi�1, wi)

� ⇥ |V |+ C(wi�1)

<latexit sha1_base64="2OLnBZ7V00q1iiVXZWKT60CQwqg="></latexit>

PAdd1(wi |wi�1) =
1 + C(wi�1, wi)

|V |+ C(wi�1)



Raw bigram counts
 (Berkeley restaurant corpus)Dan*Jurafsky

Raw'bigram'counts

• Out*of*9222*sentences

(Credits: Dan Jurafsky)36

<latexit sha1_base64="hw4Xz4sgdvIjymkDSLtX1k8IfmQ="></latexit>

PML(wi |wi�1) =
C(wi�1, wi)

C(wi�1)



Smoothed bigram counts

(Credits: Dan Jurafsky)37

Dan*Jurafsky

Berkeley(Restaurant(Corpus:(Laplace(
smoothed(bigram(counts



Smoothed bigram probabilities
(Laplace Add-1 smoothing)

(Credits: Dan Jurafsky)

Dan*Jurafsky

LaplaceAsmoothed(bigrams

38

<latexit sha1_base64="2OLnBZ7V00q1iiVXZWKT60CQwqg="></latexit>

PAdd1(wi |wi�1) =
1 + C(wi�1, wi)

|V |+ C(wi�1)



The problem with Laplace smoothing

(Credits: Dan Jurafsky)

Dan*Jurafsky

Compare(with(raw(bigram(counts

Raw 

counts

Reconstituted

countsDan*Jurafsky

Reconstituted(counts

39

Too much discounted 
from popular words!



Linear Interpolation (Jelinek-Mercer Smoothing)

• Use a combination of models to estimate probability


• Strong empirical performance

40

<latexit sha1_base64="CceEab7gFtZUTN6D8doFXZ1qWsQ="></latexit>X

i

�i = 1

<latexit sha1_base64="n5de/F7Sklha/mrODguYgxhTHmk="></latexit>

Pinterp(wi |wi�1, wi�2) = �1P (wi |wi�1, wi�2)
+�2P (wi |wi�1)

+�3P (wi)

+�4
1

|V |

Jelinek and Mercer (1980)



Linear Interpolation (Jelinek-Mercer Smoothing)

• It’s also possible to formulate the interpolation in a recursive manner:

41

<latexit sha1_base64="iB+S0CIA1zDwDgJbG1Z5gFz3pr4="></latexit>

PJM(ngram) = �nPML(ngram) + (1� �n)PJM(n � 1gram)

<latexit sha1_base64="JLz326aB0J5dXpr3zlyLjIopk5g="></latexit>

PJM(wi |w i�1i�n+1) = �nPML(wi |w
i�1
i�n+1) + (1� �n)PJM(wi |w

i�1
i�n+2)

<latexit sha1_base64="TrvBky/JFT60V0UVkbeYBNnWq/g="></latexit>

PJM(wi) = �1PML(wi) + (1� �1)
�

|V |
Brown et al (1992)



Linear Interpolation: Finding lambda

42

<latexit sha1_base64="y/pMNkOTVTtoQKCv7lXmGehK2Gk="></latexit>

PJM(ngram) = �PML(ngram) + (1� �)PJM(n � 1gram)

<latexit sha1_base64="zDoJ3jrjo7Z32mD3IQcNXcJA/qw="></latexit>

PJM(wi |wi�1) = �(wi�1)PML(wi |wi�1) + (1� �(wi�1))PJM(wi)

• Improved JM smoothing, a different 
<latexit sha1_base64="RC736Ej8qVo/GppYO5FWrCK525I="></latexit>

� for each wi

• Interpolation parameters ( ) are hyper parameters.  Tune 
them on the “held-out” set.

<latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�



Discounting

• Determine some “mass” to remove 
from probability estimates


• Redistribute mass among unseen n-
grams


• Just choose an absolute value (D) to 
discount

43

Interpolated 
absolute 
discounting

more properly 
max(c(wi−1, wi) − D,0)  is set so the resulting 

probability values sums to one
α

With interpolation, can also be with “backoff” as we will see

Very similar to  
Interpolated 
Knesser-Ney 

<latexit sha1_base64="6sYKHdbzn9WfsmnyywDyLoc3MQo="></latexit>

Pabsdis-i(wi |wi�1) =
C(wi�1, wi)�D
C(wi�1)

+ ↵(wi�1)Pabsdis-i(wi)



Interpolated Knesser-Ney

44

Interpolated 
absolute 
discounting

more properly 
max(c(wi−1, wi) − D,0)  is set so the resulting 

probability values sums to one
α

With interpolation, can also be with “backoff” as we will see

Very similar to  
Interpolated 
Knesser-Ney 

<latexit sha1_base64="6sYKHdbzn9WfsmnyywDyLoc3MQo="></latexit>

Pabsdis-i(wi |wi�1) =
C(wi�1, wi)�D
C(wi�1)

+ ↵(wi�1)Pabsdis-i(wi)

<latexit sha1_base64="iSkkADwUgpdjgmG4WBLYJNwnho4="></latexit>

PKN-i(wi |wi�1) =
max(CKN(wi�1, wi)�D)P

w 0 CKN(wi�1, w
0)

+ ↵(wi�1)PKN-i(wi)

Modified Knesser-Ney: 
different discounting values

Cleverer count (based 
on number of contexts)

Popular state of the art n-gram smoothing



• d = amount of discounting


•     = back-off weight↵

Back-off

• Use n-gram if enough evidence, else back off to (n-1)-gram

(Katz back-off, 1987)

45

<latexit sha1_base64="qmRb0nYMQkXUEbdLGk+5HGiVqUA="></latexit>

Pbo(wi |w i�1i�n+1)

=

8
>><

>>:

dwii�n+1
C(wii�n+1)

C(wi�1i�n+1)
if C(w ii�n+1) > 0

↵wi�1i�n+1
Pbo(wi |w i�1i�n+2) otherwise



Backoff Smoothing with Discounting

• Absolute Discounting with backoff (Ney, Essen, Knesser)

46

• Where  is chosen to ensure that  is a 
proper probability

<latexit sha1_base64="J79IdnTebSyqV3jtYhRaEDpEc1o="></latexit>

↵(wi�1)
<latexit sha1_base64="XYw8V6BhvHYLqoZFAb5HMoA4cqw="></latexit>

Pabs(wi |wi�1)

<latexit sha1_base64="wXMtb8LSVOdMcmJEjNnsUTMo0oc="></latexit>

↵(wi�1) = 1�
X

wi

C(wi�1wi)�D
C(wi)

Different value of  for 
each context word wi-1

α

Similar to 
Backoff 
Knesser-Ney, 
1994

<latexit sha1_base64="cGDCn/t5rvFKQDvCxcyFFM+CWDM="></latexit>

Pabsdis-bo(wi |wi�1) =

(
C(wi�1wi )�D
C(wi�1)

if C(wi�1wi) > 0

↵(wi�1)Pabsdis-bo(wi) otherwise



Backoff Smoothing with Discounting

• Let D = 0.5


• Missing probability mass:


• Divide this mass between words w 
for which the counts: C(the, w) = 0

47

<latexit sha1_base64="Vm46oUJKUZjih8XZhrMfoczPM/o="></latexit>

↵(the) = 10⇥ 0.5/48 = 5/48

<latexit sha1_base64="wXMtb8LSVOdMcmJEjNnsUTMo0oc="></latexit>

↵(wi�1) = 1�
X

wi

C(wi�1wi)�D
C(wi)



Web-scale N-grams Smoothing

Other challenges


• Efficient storage 


• Efficient lookup

Keeping track of everything gets complicated

48

<latexit sha1_base64="0vy6LqiFNXqs85vNeIYHhsXCSv4="></latexit>

S(wi |w i�1i�n+1) =

8
>><

>>:

C(wii�n+1)

C(wi�1i�n+1)
if C(w ii�n+1) > 0

0.4S(wi |w i�1i�n+2) otherwise

<latexit sha1_base64="s5l9nbP8JTpIFIkQSWe6tfA6+U0="></latexit>

S(wi) =
C(wi)

|V |

• “Stupid backoff” (Brants et al, 2007)

https://www.aclweb.org/anthology/D07-1090.pdf

Not even a proper distribution!

S = Score



Beyond n-grams

Other types of language models


• Discriminative models:


• train n-gram probabilities to directly maximize performance on end task (e.g. 
as feature weights)


• Parsing-based models


• handle syntactic/grammatical dependencies


• Topic models


• Neural Language Models 
49



Summary: Estimating language models

50

Independence assumptions

Reallocate probability mass


Ensure proper probability



How well do these models perform?

51



Evaluating Language Models

52



Evaluation

• Extrinsic: measure how useful the language model is at 
some task (MT, ASR, etc).


• Intrinsic: measure how good we are at modeling language 

53



Extrinsic evaluation

• Train LM -> apply to task -> observe accuracy


• Directly optimized for downstream tasks


• higher task accuracy -> better model


• Expensive, time consuming


• Hard to optimize downstream objective (indirect feedback)

Language 
model

Machine 
Translation Eval

refine

54



Evaluating language models

• A good language model should assign higher probability to typical, 
grammatically correct sentences


• Research process:


• Train parameters on a suitable training corpus


• Assumption: observed sentences ~ good sentences


• Test on different, unseen corpus


• Training on any part of test set not acceptable!


• Evaluation metric

55



Evaluation of language models
Computing the average probability of the test corpus

• Given a test corpus  of independent sentences, 
the probability of   is:


                higher  = better LM


• But  can be any size and  will be lower if  is larger.


• So let’s compute the average probability.  Let  be the total 
number of tokens in the test corpus .


• The average log probability of the test corpus  is: 


                          

T = s1, …, sm
P(T)

P(T ) =
m

∏
i=1

P(si) P(T)

T P(T) T
M

T
T

ℓ =
1
M

log2

m

∏
i=1

P(si) =
1
M

m

∑
i=1

log2 P(si)

56

M =
m

∑
i=1

length(si)



Evaluation of language models
Perplexity

• The average log probability of the test corpus  is:        



• Language models are evaluated using perplexity 


                               

T
ℓ =

1
M

m

∑
i=1

log2 P(si)

ppl(T) = 2−ℓ

57

Note that  is 

a negative number

ℓ

Note that the exponent ( ) can be regarded as the 

cross entropy between the empirical distribution of test 
corpus and the language model


Intuition: Measure of model’s uncertainty about next word

−ℓ

 is 

a positive number

ppl(T)

higher  = better LMℓ

lower ppl = better LM

 = total # of words

 = # of sentences

M
m



Perplexity summary

• Measure of how well a probability distribution (or model) 
predicts a sample


• For a corpus T with sentences                     


    where M is the total number of words in test corpus


• Unigram model: 


• Minimizing perplexity ~ maximizing probability

58

<latexit sha1_base64="689+apkeZlC5lbn6P3HXAUEzOh0="></latexit>

ppl(T ) = 2�` where � ` = � 1

M

mX

i=1

log2 P (si)

<latexit sha1_base64="1KGYDj6Bts7yBoH8h721JCums5s=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEF6XMlKIui25cVrAPaIchk8m0oclkSDJCGQr+ihsXirj1O9z5N2baWWjrgQsn59xL7j1BwqjSjvNtldbWNza3ytuVnd29/QP78KirRCox6WDBhOwHSBFGY9LRVDPSTyRBPGCkF0xuc7/3SKSiIn7Q04R4HI1iGlGMtJF8+0T5bg0qv1GDQxYKrfIH9+2qU3fmgKvELUgVFGj79tcwFDjlJNaYIaUGrpNoL0NSU8zIrDJMFUkQnqARGRgaI06Ul83Xn8Fzo4QwEtJUrOFc/T2RIa7UlAemkyM9VsteLv7nDVIdXXsZjZNUkxgvPopSBrWAeRYwpJJgzaaGICyp2RXiMZIIa5NYxYTgLp+8SrqNuntZb943q62bIo4yOAVn4AK44Aq0wB1ogw7AIAPP4BW8WU/Wi/VufSxaS1Yxcwz+wPr8AeuelDI=</latexit>s1, s2, . . . , sm

Intuition: Measure of model’s uncertainty about next word

cross entropy 
between the 
empirical 
distribution of test 
corpus and the 
language model


<latexit sha1_base64="5AanPAqpDpvyHZFlZ1wCPcmgmU8="></latexit>

�` = � 1

M

mX

i=1

niX

j=1

log2 P (w(i)
j ) = �

X

w2V

C(w)

M
log2 P (w)

branching factor



Pros and cons of perplexity

Pros Cons

Easy to compute Domain match between train and test

standardized Limited to sequence models

directly useful, easy to use to correct 
sentences

might not correspond to end task 
optimization

nice theoretical interpretation - matching 
distributions log 0 undefined

can be cheated by predicting common 
tokens

size of test set matters

can be sensitive to low prob tokens/
sentences
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Perplexity values for different language models
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Perplexity of current LMs
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For other datasets: see https://paperswithcode.com/task/language-modelling
https://paperswithcode.com/sota/language-modelling-on-one-billion-word

GPT-2



Where are we now?
Neural models with lots of data! 
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300 Billion tokens Training data: mix of web + books + Wikipedia

Open AI’s GPT 3

Language Models are Few-Shot Learners 


(Brown et al, 2020)

https://arxiv.org/pdf/2005.14165.pdf

1B Word Benchmark test set



Why the stop symbol is important?
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Computing the probability of a sentence

Apply the Chain Rule: the trigram model

64

<latexit sha1_base64="+MnmVt64H/EX6FXYyLzOMBRte00="></latexit>

P (w1, . . . , wn)

⇡ P (w1)P (w2 | w1)P (w3 | w1, w2) . . . P (wn | wn�2, wn�1)

⇡ P (w1)P (w2 | w1)
nY

i=3

P (wi | wi�2, wi�1)

• Notice that the length of the sentence  is variable


• What is size of the event space (e.g. the total number of possible events/
sentences)?

n



Variable length sequences
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Let  and the language  be 


Consider a unigram model: 


So strings in this language  are:

V = {a, b} L V*

P(a) = P(b) = 0.5

L

The sum over all strings in  should be equal to 1


But !!! 

L

P(a) + P(b) + P(aa) + P(bb) = 1.5

<latexit sha1_base64="aQp8JsduYXxNn99hN5vpQYpiDfY="></latexit>

a 0.5

b 0.5

aa 0.52

bb 0.52

· · ·



The stop symbol

66

What went wrong?  We need to model variable length sentences


Add an explicit probability for the stop symbol


Now strings have the following probabilities:
P(a) = P(b) = 0.25 P(stop) = 0.5

The sum is no longer greater than one!

<latexit sha1_base64="AsCoRmU059BvCww7KhLAIYGZ+xk="></latexit>

stop 0.5

a stop 0.25⇥ 0.5 = 0.125
b stop 0.25⇥ 0.5 = 0.125
aa stop 0.252 ⇥ 0.5 = 0.03125
bb stop 0.252 ⇥ 0.5 = 0.03125

· · ·



The stop symbol

67

• With this new stop symbol, we can show that 

• Let , the probability of the stop symbol

• Then, we can show that the probability of all sequences of length n is 




<latexit sha1_base64="YWe0/0w+ti8tBNNazAtkFp5T5qw="></latexit>

ps = P (stop)

<latexit sha1_base64="iHzflWEFZ1yeT3Mxwdo7QRADpGU="></latexit>

p(n) = ps(1� ps)n

<latexit sha1_base64="y2hT6G4oig8w4cdWGW0qvyVHrbM="></latexit>X

u2L
P (u) = 1

<latexit sha1_base64="Up7zBKgnAFf/ZWA+iK0wx2USnXo="></latexit>

p(n) =
X

w1,...,wn

p(w1, . . . , wn)⇥ ps where wj 6= stop

= ps
X

w1

. . .
X

wn

p(w1, . . . , wn)

= ps
X

w1

. . .
X

wn

p(w1) . . . p(wn)

= ps
X

w1

p(w1) . . .
X

wn

p(wn)

= ps

nY

j=1

X

wj

p(wj)

= ps(1� ps)n

<latexit sha1_base64="+Zj3BYUd8LhSyRd1DgirpnX0tBs="></latexit> X

w 6=stop
P (w) = 1� ps



The stop symbol
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• With this new stop symbol, we can show that


• Let , the probability of the stop symbol


• Using that the probability of all sequences of length n is 


<latexit sha1_base64="YWe0/0w+ti8tBNNazAtkFp5T5qw="></latexit>

ps = P (stop)

<latexit sha1_base64="iHzflWEFZ1yeT3Mxwdo7QRADpGU="></latexit>

p(n) = ps(1� ps)n

<latexit sha1_base64="+m7gqKmO4PImuNPXxL+Fy+F2/cg="></latexit>X

u2L
P (u) =

1X

n=0

p(n) =
1X

n=0

ps(1� ps)n

= ps

1X

n=0

(1� ps)n

= ps
1

1� (1� ps)
= ps

1

ps
= 1

<latexit sha1_base64="y2hT6G4oig8w4cdWGW0qvyVHrbM="></latexit>X

u2L
P (u) = 1



Summary

• Language models estimates the probability of a sentence


• Statistical LMs: N-grams:


• Smoothing to handle data sparsity


• Perplexity for evaluating language models


• Modern NLP powered by neural-based language models 
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P (wi|wi�1) =
C(wi�1, wi)

C(wi�1)



• HW-0 due next Wednesday 11/17


• Submit via gradescope and coursys


• Next week: 


• Classification for NLP

Reminders
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