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Training stages

Pre-training 
LM training on large, large 

amount of data

Instruction-tuning 
Supervised fine-tuning for 

instructions

Preference 
optimization 

Align to human 
preferences

Post-training
Pre-training can be 

broken into stages (mid-
training)

(Can have more iterations)

Self-supervised training

LM objective

Piles of 
unlabeled 

text!

Supervised training

LM objective

Text with 
“instructions” 

and 
“responses”

List three fruit

Apple, orange, 

banana

Reinforcement 
learning

Human 
preference data 
Data about what 

people prefer

p(wt |w<t) p(wt |w<t; prompt)



Post-training for reasoning

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

Post-training

• RLHF - align to human preferences


• RLVR - align to verifiable rewards (for reasoning) 

https://arxiv.org/pdf/2512.13961


Reinforcement learning from verifiable rewards

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

https://arxiv.org/pdf/2512.13961


Alignment
Post-training

• RLHF - aligns to human feedback


• Usually uses PPO


• Requires a critic model to compute the advantage

• RLVR - aligns to verifiable reward


• Usually uses GRPO


• No need for critic model


• Get relative advantage for a group

Advantage - difference between estimated expected reward for action (action-value / Q function) and 
estimated reward over all actions (value function)

Reasoning

https://cameronrwolfe.substack.com/p/grpo • Need lots of samples (completions) per 
prompt to get good estimate of advantage



GRPO vs PPO

https://arxiv.org/pdf/2402.03300 Eliminate value model
Neural reward model can 
be replace by rule-based 

reward model in RLVR 



Large models
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New capabilities emerge at scale

8

https://ai.googleblog.com/2022/04/pathways-language-model-palm-scaling-to.html

How to train these 
large models?

How to train small 
models with similar 

capabilities?



9Language Models are Few-Shot Learners (Brown et al. 2020)

1024 V100 GPUs for ~1 day

256 TPU days  

3584 TPU days  



Olmo training phases
47 days 

5.5T tokens

9.5 + 35 days


512, 1024  GPUs

(2 runs, 1.5 days) 

100B tokens

512 GPUs

(1 run, 1 days) 

1024 GPUs

9 days 

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

56 days on 1024 
H100 GPU cluster for 

Olmo 3 Think 32B Another 21 days on 224 
GPUs (RL training) to 

Olmo 3.1 Think

5 days
18 hours to 

multiple days

4 parallel runs (over 
learning rates) 


36 hrs, 256 GPUs

https://arxiv.org/pdf/2512.13961


HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

https://huggingface.co/blog/smollm3
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HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

Grouped Query Attention with 2, 4, or 8 groups performed similar to MHA

SmolLM3 used 4 groups 



HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

Document packing and masking



HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

https://huggingface.co/blog/smollm3

Masking user prompts 

Sequence packing
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HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process 

• Infrastructure

Train over weeks, restarts, monitor loss curve for spikes, fix 
instabilities, load data to local machine for training, make sure 

everything is properly checkpointed, …  



HuggingFace guide to pretraining
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HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

https://huggingface.co/blog/smollm3

GPUs have hundreds of Streaming Multiprocessors (SMs)

H100 contains 132 SMs

Need to get data into memory 

Different memory speed and sizes

Memory hierarchy



HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data


• Training process


• Infrastructure

https://huggingface.co/blog/smollm3

Communicating beyond the GPU



PaLM: Pathways data parallelism
• Trained on two TPU v4 pods  

• Each pod had 3072 TPU chips attached to 768 hosts (total 6144 chips) 
• Each pod had full copy of model parameters  

• Model + data parallelism, no pipeline parallelism 
• 12-way model parallelism, 256-way data sharing



HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

• When is it desirable to 
pretrain?


• Ablations 


• Model architecture


• Data 

• Training process


• Infrastructure

https://huggingface.co/blog/smollm3



Data for model training
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The Pile
Open source data for language modelling

The Pile: An 800GB Dataset of Diverse Text for Language Modeling [Gao et al, EleutherAI, 2020]

• 800 GB

https://pile.eleuther.ai/paper.pdf


The Common Pile (Comma)
Open source data for language modelling

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]

• 8TB dataset - public and open license

Collaboration across many institutions (Eleuther AI, HuggingFace, AI2, etc) 

https://arxiv.org/pdf/2506.05209


Comma v0.1
Open source data for language modelling

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]

• Compare 1.7B model trained on different datasets (28B tokens)
Benchmarked on QA and reasoning datasets 

(star indicates where Comma data outperforms other data)

Multitask 
language 

understanding

Common 
sense

OpenBook QA 
(IR + QA)

Common 
sense

Physical 
interaction 

Social 
interaction 

Reasoning

https://arxiv.org/pdf/2506.05209


Comma v0.1

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]

• 7B model trained on 
Comma v0.1


• BPE tokenizer with 
vocabulary size of 64K 
(trained on 600GB 
sample)


• Follow Llama-7B 
architecture and 
training

Comparison against similar size models 

(star indicates where Comma model outperforms other compute-matched models)

https://arxiv.org/pdf/2506.05209


The Stack
Code data

The Stack: 3 TB of permissively licensed source code [Kocetkov et al, ServiceNow / HuggingFace, 2022]

• 3TB of source code


• Multilingual docstring and 
comments

https://arxiv.org/abs/2211.15533


Olmo open model 
Open weights, data, checkpoints

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

• Open-weight models


• Release final 
checkpoints


• Open-flow models


• Release intermediate 
checkpoints

https://arxiv.org/pdf/2512.13961


Pre-training data
Training on large amount of web data

Table from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

https://arxiv.org/pdf/2512.13961


Pre-training data
Training on large amount of web data

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

https://arxiv.org/pdf/2512.13961


Pre-training data
Training on large amount of web data

Table from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

https://arxiv.org/pdf/2512.13961


Why so much data cleaning?

DCLM - 240T tokens 
from CommonCrawl

DataComp-LM: In search of the next generation of training sets for language models [Li et al, 2025]

Effect of filtering

Filtering matters! fastText ablations (threshold / positives)

https://arxiv.org/pdf/2406.11794


Why so much data cleaning?

DataComp-LM: In search of the next generation of training sets for language models [Li et al, 2025]

Effect of filtering

https://arxiv.org/pdf/2406.11794


Why so much data cleaning?

DCLM - 240T tokens 
from CommonCrawl

DataComp-LM: In search of the next generation of training sets for language models [Li et al, 2025]

Effect of filtering

https://arxiv.org/pdf/2406.11794


Why so much data cleaning?
Effect of de-duplicating

D4: Improving LLM Pretraining via Document De-Duplication and Diversification [Tirumula et al., 2023]

By deduplicating


• Cleaner data leads to 
more efficient training 


• Lower perplexity at 
less tokens processed


https://arxiv.org/pdf/2501.00656


Why so much data cleaning?
Effect of de-duplicating

D4: Improving LLM Pretraining via Document De-Duplication and Diversification [Tirumula et al., 2023]

D4: Combines SemDeDup and 
SSL prototypes


Start with dataset D


• Use SemDeDup on D to get D’ 


• Cluster points in D’ using K-
means


• Apply SSL prototypes on D’


https://arxiv.org/pdf/2501.00656


Mid-training
Training on cleaned, specialized data

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

Integration tests (on 100B tokens) 
to verify whether including the 

dataset will improve performance

Decontamination:

Run detection to try to avoid 

benchmark contamination (i.e. 
training on evaluation data)

Explore different mixes with small 
amounts (5B to 10B tokens) 


of sampled data. 

https://arxiv.org/pdf/2512.13961


Mid-training
Datasets with contamination

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

Fix Mix: Remove detected 
contaminated data to avoid 
inflated benchmark results

https://arxiv.org/pdf/2512.13961


Mid-training
Training on long-context data

Table from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

https://arxiv.org/pdf/2512.13961


Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

• Use of synthetic data in training
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Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

• FinePhrase - 486B tokens


• Rephrasing web data


• Investigate how rephrasing 
strategy, source data, and 
rephrasing model affects final 
performance




Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

90 Experiments comparing 
source dataset, prompting, 
model family



Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

Improving prompting



Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

Selecting a source dataset



Synthetic data for training

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]

Selecting a model family



How does LLM performance scale 
as we increase model and data size?

51



Jan 2020https://arxiv.org/abs/2001.08361 

https://arxiv.org/abs/2001.08361


Scaling Laws for LLMs
Power laws

For LLMs, we are interested in how the test performance scales with relation to


• Model size: number of model parameters N (excluding subword embeddings)


• Data size: number of tokens trained on D


• Amount of compute (MFLOPs) C  (1 PetaFLOP-day (PF-day) is  FLOPS) 

Findings 

• Model performance scales as power law of model size and data size


• Power law: relation between two quantities where one quantity increases as a power of another 


•  e.g. model performance vs. model size


• N, D, C are dominant. Other choices in hyperparameters like width vs. depth are less relevant

8.64 × 1019

f(x) = (a/x)k

https://openai.com/research/ai-and-compute

https://openai.com/research/ai-and-compute


Model size: computing the number of parameters

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Test performance
• Power law relationship to compute, dataset size, and number of parameters

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

• Language modelling performance increases (test-loss decreases) as compute, dataset 
size and model size increases 

• Need to scale all three in tandem

https://arxiv.org/abs/2001.08361


Excluding embeddings from parameter count

• Power law relationship not so clear when embeddings are included

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Power laws for test loss
• Let  represent the test loss dependent on either parameters N, or dataset size D or 

compute C


• For models with limited number of parameters: 


     


• For models with limited dataset size: 


     


• For models trained with limited compute: 


    

L( ⋅ )

L(N) = (Nc/N)αN αN ≈ 0.076, Nc ≈ 8.8 × 1013 (non-embd params)

L(D) = (Dc/D)αD αD ≈ 0.095, Dc ≈ 5.4 × 1013 (tokens)

L(C) = (Cmin
c /Cmin)αmin

C αmin
c ≈ 0.050, Cmin

c ≈ 3.1 × 108 (PF-days)

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Test loss L as function  
of model size N and dataset size D 

58

Scaling laws for LLMs

<latexit sha1_base64="t2latotaPCB+P9Dli/mODEtRToE="></latexit>

L(N,D) =

"✓
Nc

N

◆↵N
↵D

+
Dc

D

#↵D

Test loss L after transient period as function 
of model size N and number of update steps S

N is number of model parameters (not including vocabulary and positional embeddings) 
D is the number of tokens

<latexit sha1_base64="+JK1MFdAi8lFERDCxQjkpMMpNUs="></latexit>

L(N,S) =

✓
Nc

N

◆↵N

+

✓
Sc

Smin(S)

◆↵S

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Scaling laws for LLMs

• Keeping model size N fixed, architecture shape doesn’t matter that much

59Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Comparing LSTM vs Transformers

• LSTM cannot take advantage of long context (>100 tokens)

60Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Given a compute budget, what size model 
and amount of data should we train on?

61



Large models are more sample-efficient than small models

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


How to allocate increasing compute?

• Increase model size more than data (increase data sublinearly). 
• Increase batch size as data size increases   

63

Billion-fold ( ) increase in compute time109

For compute-efficient training

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


Optimal Allocation of Compute Budget

Models larger than the optimal-size 
can train faster (with less steps)

Training at fixed batch size (should increase batch size with more data)

Scaling laws for neural language models [Kaplan et al. OpenAI, 2020]

https://arxiv.org/abs/2001.08361


An Empirical Model of Large-Batch Training [MacCandlish, et al. 2018] - arXiv:1812.06162

For compute efficient training, train with   

- Larger B: more stable gradient, less training steps 
- Critical batch size: above which scaling efficiency decreases significantly

Bcrit =
Emin
Smin

- Optimal learning rate scales linearly with batch size

Critical batch size
Number of training examples

Number of training steps

to reach a given performance

https://arxiv.org/pdf/1812.06162.pdf


arXiv:1812.06162

Critical batch size as function of test loss

https://arxiv.org/pdf/1812.06162.pdf


Lessons from scaling LLMs

• Performance depends strongly on scale, weakly on model shape 

• Performance has a power-law relationship with each of the three scale factors 
N, D, C when not bottlenecked by the other two


• Performance improves predictably as long as we scale up N and D in tandem 

• Training curves follow predictable power-laws whose parameters are roughly 
independent of the model size

• Number of model parameters

• Size of dataset D

• Amount of compute (MFLOPs) C



Lessons from scaling LLMs

• Transfer to a different distribution incurs a constant penalty but otherwise 
improves roughly in line with performance on the training set.


• Large models are more sample-efficient than small models, reaching the same 
level of performance with fewer optimization steps and using fewer data points


• The ideal batch size for training these models is roughly a power of the loss 
only, and continues to be determinable by measuring the gradient noise scale


• If no constraints on data and model size, with given compute budget C



Is larger models always better?
Can we train high-performance smaller 

models with more data?

69



Is bigger always better?

70

https://huggingface.co/blog/large-language-models

PaLM (540B, Google)

Llama (65B, FAIR)Chinchilla (70B, 
DeepMind)

2023

                                  

Megatron-Turing NLG (530B, 

MS+NVidia)

Bloom (176B, 
HuggingFace+BigScience)

LaMDA (137B, 
Google)



https://arxiv.org/abs/2203.15556

https://arxiv.org/abs/2203.15556


Train longer on more tokens
Lessons from training Chinchilla

• From GPT3: large models should not be trained to lowest possible loss to be 
compute optimal


• Question: Given a fixed FLOPs budget how should one trade off model 
size and number of training tokens?


• Pre-training loss L(N, D) for N parameters and D training tokens. Find the 
optimal N and D values for a given compute budget.


• Empirical study on training 400 models from 70M to 16B parameters, trained 
on 5B to 400B tokens.


• Answer: Train smaller models for (a lot) more training steps.



• Better to scale model size and number of tokens linearly!



74

• For different model sizes, choose number of training tokens to keep FLOPs constant

Model size Data sizeIsoFLOP





Is larger models always better?
Can we go to even smaller models?

76



Small language models

• SLM: language models <10B  
• Fierce competition in small model 

regime  
• Mostly open-weight

77https://princeton-cos597r.github.io/lectures/lec16.pdf
Slide Credit: Mengzhou Xia



Small language models are 
getting better and better

• Smaller models 
are also able to 
achieve good 
performance on 
MMLU

78https://princeton-cos597r.github.io/lectures/lec16.pdf
Slide Credit: Mengzhou Xia



How to obtain such small models?

• Train on high quality data 

• “If we have a small dataset is focused on text-book quality educational 
content, we can learn the task better, even with a smaller model.” 

• Phi-2: The surprising power of small language models


• Model pruning and distillation 

• Pruning: Sheared-Llama, Llama 3.2, Minitron


• Distillation: Gemma2, Llama 3.2, Minitron

Minitron

https://nips.cc/media/neurips-2023/Slides/83968_5GxuY2z.pdf#page=13.00
https://arxiv.org/pdf/2310.06694
https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/
https://arxiv.org/pdf/2408.11796
https://arxiv.org/pdf/2408.00118
https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/
https://arxiv.org/pdf/2408.11796
https://arxiv.org/pdf/2408.11796


Types of pruning

• Unstructured pruning


• Magnitude pruning


• Weights and activations


• Structured pruning


• Prune entire blocks / components

Structured Pruning Learns Compact and Accurate Models [Xia et al. ACL 2022]

https://arxiv.org/abs/2204.00408


Different ways to distill

• Response-based 


• Try to match output (either predictions 
or logits)


• Feature-based


• Try to match feature activation


• Can be at different hidden layers


• Relation-based


• Relationship between different features
• Distillation losses can be L_2, CE, MMD, KL

• Phi: Transformation functions to 
map features to the same shape

Gou et al. 2020

https://lilianweng.github.io/posts/2023-01-10-inference-optimization/%E2%80%9Dhttps://arxiv.org/abs/2006.05525%E2%80%9D


Distillation of DeepSeek-R1
Training recipe

Small LLM

(Qwen/Llama) SFT

Self-curated data 
(800k)

Small Reasoning 
LLM


(SFT Qwen/Llama)

Reasoning LLM

(DeepSeek-R1*)

Generated / Filtered using DeepSeek-R1*

Reasoning (600K)


General (200K)

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948

https://arxiv.org/pdf/2501.12948


Distillation

https://arxiv.org/pdf/2501.12948



Combined pruning and distillation

https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/https://princeton-cos597r.github.io/lectures/lec16.pdf
Slide Credit: Mengzhou Xia



Combined pruning and distillation

https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/https://princeton-cos597r.github.io/lectures/lec16.pdf
Slide Credit: Mengzhou Xia



Test time scaling



RL 

• Math


• Science


• Code

Can 1B LLM Surpass 405B LLM? Rethinking Compute-Optimal Test-Time Scaling [Liu et al. 2025] - https://arxiv.org/pdf/2502.06703

https://arxiv.org/pdf/2502.06703


Test time scaling 

• Scaling laws for training


• What about scaling laws for inference?


• Tradeoff model size vs inference time compute 


• Large models can only be deployed on machines with large memory


• Smaller models can be deployed on smaller devices 


• Generate multiple output chains and do search to select / aggregate to form 
a final output


• Typically needed for problems involving reasoning



Tree of thought

• Decision making 
by considering 
multiple paths of 
reasoning


• Consider different 
“thoughts” 
expressed in 
language


• Use to solve 
different types of 
problems

Tree of Thoughts: Deliberate Problem Solving with Large Language Models [Yao et al, 2023] 
Large Language Model Guided Tree-of-Thought [Long 2023]



Example: want to get to number 24 from four input numbers

90

Tree of thoughts
Tree of Thoughts: Deliberate Problem Solving with Large Language Models [Yao et al, 2023]

Use LLM to propose next steps and evaluate how good the state is



Types of test-time scaling 

• Math


• Science


• Code

What, How, Where, and How Well? A Survey on Test-Time Scaling in Large Language Models

 [Zhang et al. 2025] - https://testtimescaling.github.io/



How to get to test-time scaling?

• Trained model must support different reasoning paths


• Training for reasoning using SFT or RL


• SFT: Generate step-by-step directions and then self-train or distill into smaller model


• RL: Outcome and process rewards


• Decoding for reasoning 


• Parallel - generate multiple paths and then aggregate 


• Sequential - break down into subsets


• Hybrid - Tree search 



GRPO: Two types of supervision

• Outcome supervision


• Process supervision

https://arxiv.org/pdf/2402.03300

̂Ai,t = r̃i =
ri − mean(r)

std(r)
r = {r1, ⋯, rG}

̂Ai,t = ∑
index( j)≥t

r̃i
index( j) r̃i

index( j) =
rindex( j)
i − mean(R)

std(R)

r = {{rindex(1)
1 , ⋯, rindex(K1)

1 }, …, {rindex(1)
G , ⋯, rindex(KG)

G }}



Process reward model (PRM)

• Train process-based 
verifier 


• Process supervision


• Supervise up to first 
incorrect step


• Train on step-level 
labels in PRM800K

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050

https://arxiv.org/pdf/2305.20050


PRM800K

• 800K step-level labels across 
75K solutions to 12K 
problems


• Human label step-by-step 
solutions generated to MATH 
problems


• Label each step as correct / 
neural / incorrect 

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050

https://arxiv.org/pdf/2305.20050


Process reward model (PRM)

• Train process-based 
verifier 


• Process supervision


• Supervise up to first 
incorrect step


• Train on step-level 
labels in PRM800K

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050

https://arxiv.org/pdf/2305.20050


Decoding as search

• Proposer: LLM that generate solutions 


• Different prompt and decoding strategies to stimulate responses from the LLM


• Verifier: Scores states and solutions to select the final answer


• Can score both the outcome and the process


• Search: Classical search approaches (BFS, DFS, MCTS)


• Aggregation: select (self-consistency, best-of-N) or fuse


• Meta-generation: combines the above to generate a good response



Meta-generation

• Proposer: LLM that generate solutions 


• Verifier: Process reward models to select the final answer

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

https://arxiv.org/pdf/2406.16838


Decoding

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

https://arxiv.org/pdf/2406.16838


Meta-generation

• Make use of sub-generators  to obtain final generated text  given 
input  and parameters  using meta-generation strategy : 




• Different meta-generation strategies to use / combine generators


• Chaining


• Parallel generate + aggregate


• Step-level search


• Generate and refine

{g1, …, gG} y
x ϕ g

y ∼ g( ⋅ |x, {g1, …, gG}, ϕ)



Chaining

• Problem decomposition


• Chain of thought


• Least to most prompting - solve easier subproblems in turn


• Demonstrate-search-predict - combines retrieval with in-context learning


• Tools


• LangChain / MiniChain - Useful tools for chaining together prompts



Chaining
Demonstrate-search-predict

• Problem decomposition


• Chain of thought


• Least to most prompting - solve easier subproblems in turn


• Demonstrate-search-predict


• LangChain / MiniChain

DEMONSTRATE–SEARCH–PREDICT: Composing retrieval and language models for knowledge-intensive NLP [Khattab et al. 2023] 

https://arxiv.org/pdf/2212.14024



Parallel generation and aggregate

• Generate N-best options


• Aggregate using either


• Reranking


• Transformation

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

https://arxiv.org/pdf/2406.16838
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From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

Meta-generation



Step-level search

• Particularly well suited for 
reasoning


• Generate partial solutions (steps)


• Maintain states of partial solutions  


• Generation strategy involve:


• Evaluating state


• Way to select states for 
exploration / expansion 

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

https://arxiv.org/pdf/2406.16838
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From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

Meta-generation

https://arxiv.org/pdf/2406.16838


Refinement

• Generated output is iteratively 
refined


• Initial generator , information 
source , refiner 

g0
h g

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838

https://arxiv.org/pdf/2406.16838


Self-Correction

Generating sequences by learning to self-correct [Welleck et al. 2022] - https://arxiv.org/pdf/2211.00053

https://arxiv.org/pdf/2211.00053


Self-Correction
Iteratively train corrector (initial generator is fixed)

Generating sequences by learning to self-correct [Welleck et al. 2022] - https://arxiv.org/pdf/2211.00053

https://arxiv.org/pdf/2211.00053


Self-Correction

Generating sequences by learning to self-correct [Welleck et al. 2022] - https://arxiv.org/pdf/2211.00053

https://arxiv.org/pdf/2211.00053


• Decoding intervention to force some 
number of thinking tokens


• Maximum: append end-of-thinking 
token and “Final Answer:” to stop 
thinking


• Minimum: Suppress generation of 
end-of-thinking token, append “Wait”

S1: Simple Test-Time Scaling [Muennighoff et al. 2025] - https://arxiv.org/pdf/2501.19393

Budget forcing 



Budget forcing 

S1: Simple Test-Time Scaling [Muennighoff et al. 2025] - https://arxiv.org/pdf/2501.19393



Search and aggregate

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314

PRM provides 
score

https://arxiv.org/pdf/2408.03314


Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314

Parallel vs sequential

https://arxiv.org/pdf/2408.03314


Iteratively revising answers

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314

https://arxiv.org/pdf/2408.03314


Test-time search against PRM verifier

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314

https://arxiv.org/pdf/2408.03314


Comparing search for small models

Can 1B LLM Surpass 405B LLM? Rethinking Compute-Optimal Test-Time Scaling [Liu et al. 2025] - https://arxiv.org/pdf/2502.06703

Diverse Verifiable Tree Search

https://arxiv.org/pdf/2502.06703


Test-time scaling 

• Math


• Science


• Code

What, How, Where, and How Well? A Survey on Test-Time Scaling in Large Language Models

 [Zhang et al. 2025] - https://testtimescaling.github.io/


