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Post-training for reasoning

 RLHF - align to human preferences

 RLVR - align to verifiable rewards (for reasoning)
Post-training

Olmo 3 Base
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Figure 2 Depiction of model flow for OImo 3. Development is divided into major base model training (left) and
post-training (right) stages, each further divided into sub-stages with their own recipes (i.e., training data and

method). Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2023]



https://arxiv.org/pdf/2512.13961

Reinforcement learning from verifiable rewards

Instruction Following

Prompt

How can | detect and handle counterfeit
money?

- There should be exactly 2 paragraphs
- Paragraphs should be separated with ***

- Use all lowercase
- Include the keyword “coast”™

inspect watermarks, microtext, and
color shifts.

secure and report it to authorities,
keeping the coast clear of fakes.

Prediction

l (constraints 1, 3, & ¢ constraint 2 x)

[# satisfied constraints / #constraints]

--Verifiable Tasks

0.75

Reward

Steve guesses randomly on a
B multiple-choice test where

& | each problem has two choices.
g What s the probabillity that he

gets at least half of the
questions correct?

Prediction Gold Answer
0.5 \frac{I {2}

! v

[ Equivalence checker j

1.00

Reward

Given an integer n (0 = n <10°9),

g compute the number of trailing zeroes in
& | n!(nfactorial). Your program should (-]
Prediction Tests
def fun(n: int) -> int: assert fun(l) -« @
count = @ assert fun(sS) =« 1
while n: assert fun(25) == 6
n//=2 assert fun(10@) == 24
count += n
return count l
f . )
(D Unit test pass rate
@ Binary: 1iff all tests pass
" J

Reward (1)

0.25
Reward 2  0.00

Figure 16 Verifiers and reward design for verifiable and non-verifiable tasks.
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General Chat
a
£ | Explainthe moon landing to a 6-
O | year-oldin a few sentences.
(a8
(Optional)
Prediction Reference
The moon landing Along time ago, in
was when special 1969, some very
astronauts flew a brave astronauts

spaceship all the way
to the moon [...]

rode a rocket all the
way to the Moon [...]

l

l

o

Score from LLM-as-a-judge J

Reward

0.60
Non-Verifiable Tasks

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Post-training

Alignment

 RLHF - aligns to human feedback
* Usually uses PPO

* Requires a critic model to compute the advantage

Outcome Reward Setting

"

V(Sl) V(SQ) V(St) V(ST_l) V(ST) rT
[ S I N

[ Value Model or Critic ][ RM J

Prompt —> Token 1 Token 2 « « «| Tokent o o o Token T-1 Token T (<eos>)

https://cameronrwolfe.substack.com/p/grpo

Reasoning
 RLVR - aligns to verifiable reward

e Usually uses GRPO
e No need for critic model

* Get relative advantage for a group

Group Relative Advantage for GRPO

i r; — mean(r)
’L.,t —
std(r)
Prompt (or question) Group of sampled Outcome reward
sampled from dataset outputs (from old policy) for each output
x~D y={vu.¥2 ... yyc} r={ri,r2, ... ,r¢}

 Need lots of samples (completions) per
prompt to get good estimate of advantage



GRPO vs PPO
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Neural reward model can

be replace by rule-based o
reward model in RLVR https://arxiv.org/pdf/2402.03300 Eliminate value model



Large models



New capabilities emerge at scale

How to train these
large models?

How to train small
models with similar
capabillities?

https://ai.googleblog.com/2022/04/pathways-language-model-palm-scaling-to.html
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Total Compute Used During Training
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Language Models are Few-Shot Learners (Brown et al. 2020) 9



56 days on 1024
H100 GPU cluster for

Olmo training phases

Olmo 3 Think 32B Another 21 days on 224
GPUs (RL training) to
47 days 9 days Olmo 3.1 Think
_—

5.0T tokens (2 runs, 1.5days) (1run, 1 days) 4 parallel runs (over
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Figure 2 Depiction of model flow for OImo 3. Development is divided into major base model training (left) and
post-training (right) stages, each further divided into sub-stages with their own recipes (i.e., training data and

method). Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2023]
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HuggingFace guide to pretraining

Base Model Performance

5.0
e When is it desirable to -« A
, v faster / cheaper Qwen3 4B
pretrain? 5 43 Base £
fc) - Genrl13ma3 4B
* Ablations *\gé 0 SmolLM3 3B
< - Base
» Model architecture g5
£ 5 50 VR
® Data ; g Qwen2.5 3B
. P
* Training process A N
=
2.0 QweBna_fgseljB Llama3.2 3B
e Infrastructure
2.0 2.5 3.0 3.5 4.0 4.5
Model Size

Billion parameters

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

e When is it desirable to
pretrain?

* Ablations

 Model architecture
 Data

* [raining process

 |nfrastructure

. Grouped Query Attention

( SoftMax )
A

-

i N
(Feed Forward)x'

=

Q K V

_J

? Layer

C Embedding ) ________

?

( Tokenizer )

The 16 attention heads share 4 query which maintains
the performance of full multi-head attention and saves
memory during inference.

- Intra-Document Masking

Attention masking ensures that tokens from different
documents in the same training sequence don't attend
to each other which helps with long context training.

.- NoPE

We use NoPE which selectively removing rotary position
embeddings from every 4th layer improving long context
performance.

No Weight Decay in Embeddings

We remove weight decay from embedding layers to
improve training stability as embedding norms naturally
stabilize at healthier values.

- Multilingual Tokenizer

We use the Llama 3.2 tokenizer which covers all
languages used for pretraining.

Training Configuration

Parameter count: 3.08B
Initialization: N(O, std=0.02)
Layers: 36

Rope theta: 50k

Sequence length: 4096
Batch size: 2.36M Tokens
Optimizer: AdamW (eps=1e-8, beta1=0.8, beta2=0.95)
Learning rate (peak): 2e-4
Gradient Clipping: 1.0
Weight decay: 0.1
Gradient accumulation: 1
Micro batch size: 3
Precision: bf16

Tensor parallel: 2

Data parallel: 192

Throughput: 14k tokens/sec/gpu
MFU: 29.43 %
Training duration: 24 days

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining
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HuggingFace guide to pretraining

e When is it desirable to
pretrain?

* Ablations
 Model architecture
 Data

* [raining process

 |nfrastructure
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HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

Document packing and masking

« When is it desirable to Training sequence = concatenated files

pretrain? Mix oats with honey <|end_of_text|> def hello(): print <|end_of_text|>

Climate change affects the planet <|end_of_text|>

e Ablations

Causal Masking Intra-Document Masking
Can Attend X Cannot Attend

e Model architecture

X X X X X X X X X Recipe xxxxxxxxxxxxxx
X X X X X X X X X x DON G IO IO I SO O G IS IO I I
X X X X X X X X X DON IO SO O IC S S O S N I e
® Data X X X X X X X X X x X X X X X X X X X X
X X X X X X X X X x SON G SO SO C IS A I
Code . X X X X X X X X X Code X X X X X X X X X X X X
T - " ... SN U SO SR IO SER X X X X xx X X X X X X X
* Iraining process DODODBOnY « < < < « x B EOBORRERERE
.x X X X X X SO IO I I xx SOH IS I I I
Climate .x SO IO Il e Climate X X X X X X X X X SOl IS I I e
PY Infrastructu re X X X X DOl DS SO SN S S IO S X X X X
UEENODunEEanng - - - < xoxoxox xox x « QEE x * X
pEuEnnonouKEnng - - < xoxoxoxox x x < AEEE X
NEENOnNuNnEEnna - < xoxoxoxox x x <« DEEEE >
800UuNnnnannuun <xxxx x x < x DOOOO8
2 - 0
] g ] 5. g 3
g 3 : g 3



HuggingFace guide to pretraining

Masking user prompts

input_ids

e \When is It desirable to
pretrain?

labels

 Ablations

_ Sequence packing
 Model architecture

Dataset Packing = False Packing = True
 Data
* [raining process

 |nfrastructure

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

e When is it desirable to
pretrain?

* Ablations
 Model architecture
 Data

 Training process

 |nfrastructure

Pretraining Recipe

Math 3% ¢

AR — i
Code 12%]| B ——— L L |:|
.._.1_5%| |
J 24%
Web 85%
75%
63%
Phase | Phase |l

Description: Base training Description: High quality injection

Duration: 2T tokens
Datasets: Adding Stack-Edu, FineMath4+,
InfiWebMath4+, MegaMath (incl. Qwen

Q&A, Pro synthetic rewrites, and text
code interleaved blocks)

Duration: 8T tokens

Datasets: Base mix for pretraining

Web: FineWeb-Edu, DCLM, FineWeb2, FineWeb2-HQ
Code: The Stack v2 (16 langs), StarCoder2 PRs,
Jupyter/Kaggle NBs, GH issues, StackExchange

Math: FineMath3+ | InfiWebMath3+

LR Schedule

Warmup Phase Stable Phase

10T tokens

Phase lli

Description: LR Decay

Duration: 1.1T tokens

Datasets: Upsampling high quality
code/math datasets and adding

instruction/reasoning data such as
OpenMathReasoning

Decay Phase
1.1T tokens

VOO Steps

T~

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

Long Context Training

e When is it desirable to

pretrain? - —— o
' Base: 4k : 2: 64k
e Ablations ase Step 1: 32k Step 2: 6
During pretraining a context The RoPE theta was increased to The RoPE theta was further
length of 4k tokens was used. The 1.5M and training continued for increased to 5M and training
. long context training used the 50B tokens with 32k context size. continued for 50B tokens with 64k
® M Od el arC h |teCt U re same data. ~8 pages of text ~64 pages of text context size. ~128 pages of text

 Data - 0000000000000/
YaRN: 128k HHEE 29 mama EEEFEEEEFE
-Japy.. Using YaRN scaling on top of the RS SRRRRTYIVEIOYueY :
° Tra I n I ng pro cess 64k checkpoint allows to extend
the context to 256k tokens. ~512
pages of text

|11}
W
N
o
Q
Q
®
12}
|11}
|11}

|11}
[1]]]

111

|11}

 |Infrastructure

|1}

512 pages

111

|11}

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

Train over weeks, restarts, monitor loss curve for spikes, fix
instabllities, load data to local machine for training, make sure

e \When iIs it desirable to everything is properly checkpointed, ...
pretrain?
train/mean_token_accuracy train/loss

e Ablations 07.00_mid-train-mixe = tinm i |

e Model architecture m
 Data ‘ 'HII'” '”

 Training process

 |nfrastructure



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

e When is it desirable to
pretrain?

* Ablations
 Model architecture
 Data

 Training process

 |nfrastructure

The post-training recipe starts of
with the checkpoint after
pretraining and long context
adaptation. The optimizer state is
not re-used from earlier training.

Pretrained +

Long context

Model Merging

Finally, we linearly merge the
model soup checkpoint with long
context checkpoint using a 90/10
ratio to recover the long context
capabilities.

Post-training Recipe

>

-

L

N

t

s

-

n

10%
90%
«—Y

During mid-training the model is
trained for 5 epochs on a mix of
OpenThoughts and Nemotron
post-training data totalling 175B
tokens (35B unique).

Mid-training

We found that model souping,
where intermediate checkpoints
from the APO stage are merged
together further improves the
downstream performance.

https://huggingface.co/blog/smollm3

The model is further trained on a
mix of 25 high quality datasets
mixing reasoning/non-reasoning
data for 4 epochs and 10B

tokens (2.5B unique).

SFT

Model Soup <

TT171

APO

We apply Anchored Preference
Optimization (APO), a variant of
DPO, for 1 epoch with a thinking
preference pair for every non-
thinking preference pair.




HuggingFace guide to pretraining
https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

GPUs have hundreds of Streaming Multiprocessors (SMs)
H100 contains 132 SMs

Need to get data into memory

¢ When |S |t deS|rab|e to Different memory speed and sizes
pretrain? SM

assuming < warps are reao(}ng 4B
from 128 regs on each

~

cycle across all 132 SMs ~

~
~
~

256 KiB, 4B/cycle/reg, 1 cycle y
(total: 33 MiB, 124 TB/s)

e Ablations Control

\

per SM

Registers

I el : DO
 Model architecture A RN R v
assuming 16 SMs cluster with 227 KiB each
|
vV
Core Core Core Core per GPC. _ 125&5;\ 3.5 MiB
e Data g,

glol:ml

Core Core Core Core 50 MiB, 12-14 TB/s, ~200 cycles

* [raining process

lobal 0 GB, 3 TB/s, ~500 cycle
Constant Cache goo R GRS TRt epnes
® I nfra Stru ctu re Shared P Totals assume 1.83 GHz boost clock and 132 SMs (H100 SXM5)
Memory Cache Memory hierarchy

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

EFA Link - 12.5 GB/s
PCle Gen4 - 16 GB/s

e \WWhen is it desirable to Communicating beyond the GPU roeoms e oo
pretrain?

Node e S HUMA 0 e . L

 Ablations

...........

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

 Model architecture =« sep mep | sme) me | me | m[a | mle

e Data

i GPU | © GPU | i GPU i a@PU : i GpPU i a@pu | i apu

e —— . p— e —
— —
. —— —— - — .
------- - =
— — —

 Infrastructure

1 NVSwitch | 1 NVSwitch | 1 NVSwitch | 1 NVSwitch |

https://huggingface.co/blog/smolim3



PalLM: Pathways data parallelism

e Trained on two TPU v4 pods
e Each pod had 3072 TPU chips attached to 768 hosts (total 6144 chips)
e Each pod had full copy of model parameters

e Model + data parallelism, no pipeline parallelism
e 12-way model parallelism, 256-way data sharing

< Datacenter Network >
IR SN NN

TPU chips
| “\connected by
I || fast private
(@ P Cross-pod transfer /lnterconnects
gradients | I
A Compute gradients " "
(Forward+backward pass) Pod 1 Pod 2
B Apply gradients _ [} _ N,
Pod 1 \ / : Host (many per Pod)
Pod 2 Model Components ®) Scheduler (per Pod)

Figure 2: The Pathways system (Barham et al., 2022) scales training across two TPU v4 pods using two-way
data parallelism at the pod level.



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

e When is it desirable to

pretrain®?
* Ablations
 Model architecture
 Data
* [raining process

 |nfrastructure

Pretraining Recipe

Math 3%t

. 10% . i§%1 |
Code 12%| s —

1_5%] |

B ——— 24%
Web 85%

75%
63%
Phase | Phase |l

Description: Base training
Duration: 8T tokens
Datasets: Base mix for pretraining

Web: FineWeb-Edu, DCLM, FineWeb2, FineWeb2-HQ

Code: The Stack v2 (16 langs), StarCoder2 PRs,

Jupyter/Kaggle NBs, GH issues, StackExchange

Math: FineMath3+ | InfiWebMath3+

Description: High quality injection

Duration: 2T tokens

Datasets: Adding Stack-Edu, FineMath4+,
InfiWebMath4+, MegaMath (incl. Qwen

Q&A, Pro synthetic rewrites, and text
code interleaved blocks)

https://huggingface.co/blog/smolim3

Phase llI

Description: LR Decay

Duration: 1.1T tokens

Datasets: Upsampling high quality
code/math datasets and adding

instruction/reasoning data such as
OpenMathReasoning



Data for model training
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The Pile

Open source data for language modelling

Composition of the Pile by Category

* Academic * Internet = Prose * Dialogue * Misc
e 800 GB

Bibliotik
Pile-CC

PubMed Central ArXiv

StackExchange
PMA

recian it MIH

The Pile: An 800GB Dataset of Diverse Text for Language Modeling [Gao et al, EleutherAl, 2020]



https://pile.eleuther.ai/paper.pdf

The Common Pile (Comma) [elllg'] (0) (S [0

Open source data for language modelling

 81B dataset - public and open license

Public Domain Permissive Open Restricted Use Proprietary

¢ Permission needed
e Cannot be shared

* Free for some to use,
study, modify, and share
for some purposes

* Most common example
is non-commercial

* “Open weight” but not
“open source” models

* No restrictions
* Not technically a license

* Free for anyone to use,
modify, and share for
any purpose

e Can be relicensed under
different terms

* Most open source
models fall in this
category

¢ Free for anyone to use,
modify, and share for
any purpose

¢ May include relicensing
restricts like Share-Alike

¢ All open source models
fallin this category

Some licenses (CCO,

Unlicense) try to

emulate this status

Examples: “All Rights
Reserved”

Examples: MIT, Apache
2.0, CC-BY

Examples: CC BY-SA,
GPL-3.0, ODC-By

Examples: CC BY-NC,
“Research Use Only”

Code
(4775 GB) Government & Legal . :
: ' (1172 GB) Wikis Web Academic Public Domain
r— (528 GB) Papers Online Forums Book
© 1TB - — (260 GB) (370 GB) QOKS Educational
n — (29 GB) (15 GB)
— —_—
O 10GB -
wn
4y
©
O 100MB -
1MB || 1 1 || | || || | | | 1
N O oo O T 2 © QO OV © @ O T ¥ O QO O QO _Jmme': Q +- m v »u v
> 0o F <ad g 9 g-c O 2 v 0O N D o © o 2 @ I 3593 o 'Q% I 5 X &
¥ 0o O0O@g oY 00 O0OLLgzga WSIags S$E—- mgs=ag 2 O o Y
8 - O 8 5 X o S50 9 CgE S & o w L £
¥ © = < WS o o w O © s O
S5 S S 2 x T D - % = O o o
Q - +~ ( = @)
oy < o a © 9
2 q
—

Collaboration across many institutions (Eleuther Al, HuggingFace, Al2, etc)

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]



https://arxiv.org/pdf/2506.05209

Comma vO0.1

Open source data for language modelling

« Compare 1.7B model trained on different datasets (28B tokens)

Benchmarked on QA and reasoning datasets

(star indicates where Comma data outperforms other data)

Openly Licensed Unlicensed
KL3M OLC CommonCorpus Comma The Pile OSCAR FineWeb
56 ] [ ] BN [/ ]
Y 60
C
1Y)
S
O x _
t —
@
) I I I
0
ARC MMLU HSwag OBQA CSQA PIQA SIQA Average
Reasoning Multitask Common OpenBook QA Common Physical Social
language sense (IR + QA) sense interaction interaction

understanding

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]



https://arxiv.org/pdf/2506.05209

Comparison against similar size models

CO m m a vo 1 (star indicates where Comma model outperforms other compute-matched models)
u

Comma v8.1-1T B LLaMA B MPT I RPJ-INCITE /7 Qwen3
180

o 86 — v :;
: o o] '
: @ 609 & all / /
7B model trainedon £ | [ / 2 | L0
/
Comma vO.1 g 4 / Ilg I;
e BPE tokenizer with ® TARC-C ARC-E MMLU Bool@ HSwag OBQA CSQA PIQA/ SIQA HumEval MBPP
vocabulary gsize of 64K Knowledge/Reasoning Coding
(trained on 600GB
Comma v0.1-2T B OLMo Twin L1 LLaMA 2 DeepSeeklLLM /7 Qwen3
sample) o
80
» Follow Llama-7B ¢ : , ,
architecture and : |l i /
. S ;
e ‘“" | 1 ‘
O “TARC-C ARC-E MMLU Bool@ HSwag OBQA cs PIGA HumEval MBPP
Knowledge/Reasoning Coding

The Common Pile v0.1: An 8TB Dataset of Public Domain and Openly Licensed Text [Kandpal et al. 2025]



https://arxiv.org/pdf/2506.05209

The StaCk GH Archive Raw dataset
ve It clone
Code data @ query 9 @

Size of files

220 M repo
json ai e | NAames
html | » selecting file

javascript

] e extensions

text 45
xml 4

IEVEER! ‘ ' .
c near- license

markdown
c++

i deduplication filtering
jupyter—no?gbook s = @ @

php

Css

CH#

typescript { w ~ 2.9 TB of data 6.4 TB of data

go

i ' Raw dataset Permissive

gettext-catalog

ruby ' :
sql MIT

ity3d- t .
unity asigclea No license

el * e 3TB of source code “others “
restructuredtext 4 ' ‘

kotlin + MIT \ Apgghe

e " * Multilingual docstring and Apache ‘ I

Number of files

The Stack: 3 TB of permissively licensed source code [Kocetkov et al, ServiceNow / HuggingFace, 2022]



https://arxiv.org/abs/2211.15533

Olmo open model

Open weights, data, checkpoints

Open Model Flow Base Ckpt Open Model Flow Post-trained Ckpt

* Open-weight models | pvan  woven  tong. [ -
* Release final .
checkpoints ) -1 I

* Open-flow models i i : & o .
* Release intermediate i . : . B N

checkpoints | . _— B . .

®* ————e OLMo 2 32B 40
60 35
o R e - - - -

30

S5 :
25

o
50 20

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]

Post-train Eval Average (%)


https://arxiv.org/pdf/2512.13961

Pre-training data

Training on large amount of web data

Source Type 9T Pool 6T Mix 150B Mix
Tokens Docs Tokens Docs Tokens Docs
Common Crawl Web pages 8.14T 9.67B 4.51T (76.1%) 3.15B  121B (76.9%) 84.5M
oLMOCR science PDFs  Academic documents 972B 101M  805B (13.6%) 83.8M 19.9B (12.6%)  2.25M
Stack-Edu (Rebalanced) GitHub code 137B 167M  409B (6.89%) 526 M 11.1B (7.06%)  14.3M
arXiv Papers with LaTeX 21.4B  3.95M 50.8B (0.86%)  9.10M  1.29B (0.82%) 247K
FineMath 3+ Math web pages 34.1B 21.4M 152B (2.56%) 95.5M  4.10B (2.60%) 2.57TM
Wikipedia & Wikibooks  Encyclopedic 3.69B 6.67TM 2.51B (0.04%) 4.24M  64.6M (0.04%) 119K
Total 9.31T 9.97B 5.93T (100%) 3.87B 157B (100%) 104M

Table 4 Composition of Dolma 3 Mix including our 9T pool of data, the 6T mix we used for final model training, and
the 150B mix we used for experimentation.

Table from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Pre-training data

Training on large amount of web data

Common HTML text Heuristic - Topic & quality Quality
_> extraction g filtering RS e Cll g classification upsampling
Academic OCR text Heuristic D Topic & quality
_’_’ filtering ks L classification
Github repos g Languagg
classification

FineMath,

ArXiv, Wik

Figure 8 Data curation flow for pretraining data sources in DoLmA 3 Mix.

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Pre-training data

Training on large amount of web data

Pipeline Step Docs Removed (B) % of pool removed % of total time
URL Filters 2.3 0.9 1.68
Length Filters 103.4 40.42 8.03
Symbol Filters 56.5 22.1 4.13
Internal Repetition 32.1 12.93 31.41
Line Modifiers 7.1 2.79 10.0
English Filter 6.2 2.44 14.3
MadLad Filters 9.3 3.69 5.87
Quality Classifiers 0.0 0.0 24.58

Table 36 Web data processing step cost and removal breakdown during the heuristic processing steps. We started
with 252.6B documents and ended with 38.7B documents for a total removal rate of 84.9%. This procedure took, in
aggregate, approximately 1,030 hours on i4i.32xlarge EC2 instances.
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Effect of filtering

DCLM - 240T tokens

from CommonCrawl

Filtering matters!

Why so much data cleaning?

B. Build a dataset C. Train a model D. Evaluate

A. Select a scale

Filter

. DCLM-Pool

Mixing track‘i

Mix Curated data

Pick a scale: 400M-1x,
1B-1x, 3B-1x, 7B-1x,
or 7B-2x

53 downstream
zero-shot and
few-shot tasks

. Train a language
 External data : model wVFh a fixed
e e e eemmmn , recipe

Figure 2: The DCLM workflow. (A) A participant first chooses a scale, where larger scales
reflect more training tokens or model parameters. (B) A participant then filters a pool of data
(filtering track) or mixes data of their own (mixing track) to create a dataset. (C) Using the curated
dataset, a participant trains a language model, with standardized training code and scale-specific
hyperparameters, which is then (D) evaluated on 53 downstream tasks to judge dataset quality.

fastText ablations (threshold / positives)

Filter CORE EXTENDED

RefinedWeb reproduction 27 5 14.6 Dataset Threshold CORE MMLU EXTENDED
Top 20% by Pagerank 26.1 12.9 OH-2.5 + ELI5 10% 41.0 29.2 21.4
SemDedup [1] 27.1 13.8 Wikipedia 10% 35.7 27.0 19.1
Classifier on BGE features [185]  27.2 14.0 OpenWebText2 10% 34.7 25.0 18.7
AskLLM [146] 28.6 14.3 GPT-3 Approx 10% 37.5 24.4 20.0
Perplexity filteri 29.0 15.0

Top k average logit . o OH-2.5+ELIS  15% 398 272 21.5
fastText [87] OH-2.5 +ELI5  30.2 15.4 OH-2.5 + ELIS 20% 38.7 24.2 20.3
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Why so much data cleaning?
Effect of filtering

Figure 4: Construction of DCLM-BASELINE from DCLM -
POOL. Beftore this pipeline, we extracted DCLM-Pool from
Common Crawl with resiliparse. Percentages are based on
the total number of original documents.
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Effect of filtering

DCLM - 240T tokens
from CommonCrawl
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By deduplicating

e Cleaner data leads to
more efficient training

p

* | ower perplexity at
less tokens processed

Non Web Snapshots

16.0

155+

15.0

1454

14.04

13.5 4

13.0 4

22.18% faster

208

J

T T T T
40B 608 80B 1008

PPL

—a— paseline

Why so much data cleaning?
Effect of de-duplicating

—eo— D4

nstructions + Answers (ppl)

14.5
14.0 -
13.5 4
13.0 +
12.5 -
12.0 -
11.5 4
11.0 -
10.5 -

18.08% faster

208

40B 60B 808 100B

Number of Tokens Seen

0-shot Downstream AccC.

2.04% better

70B 80B 908 1008

Figure 1: Learning curves for 6.7B OPT model pretraining on 100B tokens, with data selected with D4
(pink line) and randomly (gray line). D4 significantly outperforms baseline training, getting between
18-20% efficiency gains on validation perplexity and 2% increase 1n average 0-shot downstream
accuracy across 16 NLP tasks. See Section A.2 for full learning curves.

D4: Improving LLM Pretraining via Document De-Duplication and Diversification [Tirumula et al., 2023]
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Why so much data cleaning?

Effect of de-duplicating

D4: Combines SemDeDup and
SSL prototypes

Start with dataset D
 Use SemDeDup on D to get D’

* Cluster points in D’ using K-
means

* Apply SSL prototypes on D’

baseline

Web snapshots

—e— semdedup

15.3 1+ =
15.2 1+ -
and
-
Q.
15.1+ N - _
15.0 %= T T
1.00 0.80 0.60 0.40 0.20 0.00
Instructions + Answers (Perplexity)
14.2 | N
14.1- \ :
14,04 -
—
(a W
a 13.94- -
13.8
13.7 1 =
1.00 0.80 0.60 0.40 0.20 0.00

—e— ss| _prototypes

—e— D4

Non Web Snapshots

16.2 14 »
—

2 16.1 L
Nl

16.0 \_’_”.

1.00 0.80 0.60 0.40 0.20 0.00
0-shot Downstream Acc.

525_ ' i I ! -
352.0- ~ * —% | "
©
-

8 51.51 />< | -
<
é 51.0- // —
s = | |
50.5 A -
1.00 0.80 0.60 0.40 0.20 0.00

Selection Ratio (R)

Figure 2: Comparison of data selection methods on validation perplexity. Each point denotes a 1.3B
OPT model trained on 40B tokens. The x-axis denotes the selection ratio . The y-axis for the top 2
and bottom left graph depicts perplexity; the bottom right graph is average downstream on 16 NLP
tasks from Zhang et al. [59]. The grey line denotes the value for baseline training. Shaded error is
standard error across 3 seeds. Each point on this graph is trained on the same token budget: when

from a 4x’ed sized source dataset).

we decrease R, we jointly increase the size of the source dataset (e.g. choosing 1/4 of documents
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Mid-training
Training on cleaned, specialized data

Integration tests (on 100B tokens)
to verify whether including the
dataset will improve performance

.................................................................

R oxoranvein
- haeseanasasassansarssnns Centralized assessment -

-Distributed exploration--------------- v\_/

Explore different mixes with small
amounts (5B to 10B tokens)
of sampled data.

Decontamination:
Run detection to try to avoid
benchmark contamination (i.e.
training on evaluation data)

Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Mid-training

Datasets with contamination
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Figure from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025] Benchmark (Metric)
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Mid-training

Training on long-context data

Source Length bucket 600B Pool 50B Mix
Tokens Docs Tokens Docs
olmOCR PDFs SK-16K 144B (22.5%) 12.7M  2.27B (4.55%) 235K
olmOCR PDFs 16 K-32K 115B (18.0%) 5.06M 1.85B (3.70%) 110K
olmOCR PDFs 32K-64K 106B (16.6%) 2.30M 4.81B (9.63%) 177K
olmOCR PDFs 64K-128K 96.0B (15.0%) 1.0OGM - —
olmOCR PDFs 128K-256K 60.8B (9.5%) 342K - -
olmOCR PDFs 256 K-512K 35.1B (5.49%) 97.1K - -
olmOCR PDFs 512K-1M 21.5B (3.36%) 30.2K - —
olmOCR PDFs 1M+ 26.9B (4.21%) 122K - —
olmOCR PDFs + synth CWE  32K-64K 8.77B (1.37%) 189K 1.94B (3.88%) 71.3K
olmOCR PDFs + synth REX  32K-64K 24.1B (3.77%) 492K  6.08B (12.2%) 217K
Midtraining data mix Variable —~ - 33.0B (66.1%) 79.2M
Total 639B 22.3M 50.0B (100%) 80.0M

Table 11 Composition of Dolma 3 Longmino Mix. The 100B mix for OLM0O 3 32B maintains the same proportions as
the 50B mix. Length buckets are reported in DoLMA 3 tokens.

Table from https://arxiv.org/pdf/2512.13961 [Olmo 3, 2025]
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Synthetic data for training

* Use of synthetic data in training

Pre-training Mid-training

Code &

General Reasoning
Pre-training Continual

Repo-Level Synthetic
Code Data —p | Reasoning Data

(500B) (500B)

Long Context &

Corpus Pre-training Agent Data

(15T) Corpus
(7T)

(100B)

4K 4K 52K 52K 128K

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

Synthetic SFT Data

 When is it desirable to | L
For dual reasoning mode to work reliably it was necessary to generate

in~?
pretrain: synthetic data for datasets which had not reasoning traces and create a
_ reasoning stripped version of reasoning datasets:
* Ablations
| prompt prompt
» Model architecture VLLM Server reasoning
Qwen 3 32B ,

response new response

* Data : : :

* [raining process prompt prompt ]

; Stripping

reasoning remove reasoning

* Infrastructure response | new response |

https://huggingface.co/blog/smolim3



HuggingFace guide to pretraining

https://huggingface.co/spaces/HuggingFaceTB/smol-training-playbook [HuggingFace, 2025]

* When is it desirable to
pretrain’ Synthetic Preference Data

For the APQO step preference data is necessary which we generated using

a strong (Qwen 3 32B) and a weak model (Qwen 3 0.6B):
Q 3 32B
o
* [raining process

VLLM Server .
e Infrastructure

 Ablations

e Model architecture

https://huggingface.co/blog/smolim3



Synthetic data for training

 FinePhrase - 486B tokens
 Rephrasing web data

* |nvestigate how rephrasing
strategy, source data, and
rephrasing model affects final
performance

0.20 —
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Training Progression Aggregate Score (Macro)

Legend
FinePhrase (table) [ Nemotron-HQ-Synth [ REWIRE [ Cosmopedia [ SYNTH

Figure 1: FinePhrase compared against synthetic data baselines across evaluation metrics.



Synthetic data for training

90 Experiments comparing
source dataset, prompting,
model family

Source Dataset
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Article
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Synthetic data for training

Baseline (DCLM) (0.138)
|

Math 0.153

Table 0.148

Improving prompting

Narrative 50.136
I
Article :0.136
Explanation o.’ljao
Commentary
0.:)0 0.;)5 O.|10 | 0.|15
VIEW METRIC
Final Score - Aggregate Score (Macro)

Legend
) Math [7) Table @ FAQ [ ) Tutorial [ Discussion [ Narrative [ Article [ Explanation

(] Commentary

https://huggingface.co/spaces/HuggingFaceFW/finephrase [HuggingFace, 2026]



Synthetic data for training

Selecting a source dataset

comsess [ -
FineWeb-Edu-LQ _ 0.088
S— P
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VIEW METRIC
Final Score Aggregate Score (Macro)

Legend
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B Cosmopedia ) SYNTH [ FineWeb-Edu-LQ [ EssentialWeb

https://huggingface.co/spaces/

uggingFaceFW/finephrase |l

uggingFace, 2020]



Synthetic data for training

Selecting a model family

SmolLM2
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How does LLM performance scale
as we increase model and data size!?

51
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Scaling Laws for LLMs

Power laws

For LLMs, we are interested in how the test performance scales with relation to
 Model size: number of model parameters N (excluding subword embeddings)

« Data size: number of tokens trained on D

. Amount of compute (MFLOPs) C (1 PetaFLOP-day (PF-day) is 8.64 X 10'° FLOPS)
Findings
* Model performance scales as power law of model size and data size

 Power law: relation between two quantities where one quantity increases as a power of another

e f(x) = (a/x)k e.g. model performance vs. model size

N, D, C are dominant. Other choices in hyperparameters like width vs. depth are less relevant

https://openai.com/research/ai-and-compute
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Model size: computing the number of parameters

Operation Parameters FLOPs per Token

Embed (Mvocab + Mectx) @model 4dmodel

Attention: QKV Nayer@model3@attn 2Nayerdmodel3dattn

Attention: Mask = 2NayerNetxBattn

Attention: Project Nayer@attnCmodel 2N1ayer dattn embd

Feedforward Nlayer 28 model AfF 2N1ayer 2dmodel Aft

De-embed — 2dmodelMvocab

Total (Non-Embedding) | N = 2dnodelMayer (2dattn + di) | Crorward = 2N + 2njayerNctx@attn

Table 1 Parameter counts and compute (forward pass) estimates for a Transformer model. Sub-leading
terms such as nonlinearities, biases, and layer normalization are omitted.
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Test performance

e Power law relationship to compute, dataset size, and number of parameters

/ 4.2
6 - — | = (D/5.4 . 1013)—0.095 5.6 - — ] = (N/8.8 . 1013)—0.076
3.9
4.8
0w °
3 3.6 4.0
4
‘g 3.3- 39
= 3.
3.0
| 2.4
L = (Cmin/2.3-108)70-059
10 10=7 10=°> 103 107! 10! 108 109 105 107 109
Compute Dataset Size Parameters
PF-days, non-embedding tokens non-embedding

e Language modelling performance increases (test-loss decreases) as compute, dataset
size and model size increases

e Need to scale all three in tandem
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Test Loss

o

Excluding embeddings from parameter count

e Power law relationship not so clear when embeddings are included

H>

—e— 1 Layer
—e— 2 Layers
—e— 3 Layers
—e— 0 Layers

O Layer

> 0 Layers

106 107 108
Parameters (with embedding)

109

Test Loss

H>

o

Parameters (non-embedding)

Scaling laws for neural language models [Kaplan et al. OpenAl, 2020]

—e— 1 Layer
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Power laws for test loss

« Let L( - ) represent the test loss dependent on either parameters N, or dataset size D or
compute C

 For models with limited number of parameters:
L(N) = (N_./N)™

* For models with limited dataset size:
L(D) = (D./D)"

 For models trained with limited compute:

L(C)=(C™"/C

)ag}m
n
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Scaling laws for LLMs

Test loss L as function Test loss L after transient period as function
of model size N and dataset size D of model size N and number of update steps S
— an 4 Op N N S s
N.\*p D N ¢
o) = ()7 + NS =% ) 5
N D min
Loss vs Model and Dataset Size Loss vs Model Size and Training Steps
[ - o =
4.5 : L @i o a
4.0 e Params 10° qu
2, e ..o 708M &
535 Q TS °.. 309M é
S ’«T‘.ij:.-..... .......... . 107 ¢
- .. ....................... ".. . e %
ALLTTT ®.. ® 393.2K 2.8 =
106 &
2.54.., T —T T — T r —T - — 2'4- T T T LB e s T T T + —T—TTT QCE
107 108 10° 1010 10* 105
Tokens in Dataset Estimated Smin

N is number of model parameters (not including vocabulary and positional embeddings)
D is the number of tokens

Scaling laws for neural language meodels [Kaplan et al. OpenAl, 2020]
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Loss Increase

Scaling laws for LLMs

e Keeping model size N fixed, architecture shape doesn’t matter that much

~¥— Mhead = 8

——  OmodellNMhead = 64

—e— 50M Params
274M Params
-+ 1.5B Params

A wide range of architectures
achieve similar performance 4

N

I

—®— Odmogel = 256
—%— Omodel = 512

22% additional compute
compensates for 1% loss increase

-
t

C 100 0!
Feed-Forward Ratio (d# / dmodel)
50M Parameters

WYY - v - Ty

10t 102 107

Aspect Ratio (dmodel / Niayer)

102

Attention Head Dimension (dmodel / Nhead)

25M Parameters

Scaling laws for neural language meogdels [Kaplan et al. OpenAl, 2020]
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Comparing LSTM vs Transformers

e LSTM cannot take advantage of long context (>100 tokens)

Test Loss 5.4

4.8 1

4.2

3.6 -

3.0-

2.4

Transformers asymptotically outperform LSTMs
due to improved use of long contexts

LSTMs

1 Layer

2 Layers

Transformers 4 Layers

105 108 107 108 109

Parameters (non-embedding)

LSTM plateaus after <100 tokens
Transformer improves through the whole context

Per-token
Test Loss 6 _

4 - Parameters:
400K
400K

S 1 2M
3M

3 _ 200M
300M

2 b L | ! B ' ' ! L | ' . : B L L |

10 102 103

Token Index in Context

Scaling laws for neural language medels [Kaplan et al. OpenAl, 2020]
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Given a compute budget, what size model
and amount of data should we train on?

o1



Large models are more sample-efficient than small models

Larger models require fewer samples The optimal model size grows smoothly
to reach the same performance with the loss target and compute budget
e —\ Line color indicates
Test Loss 10 “ 10 \ number of parameters
103 108 109
8 8 |
6 6 -
. Compute-efficient
10° Params ' training stops far
short of convergence
4 —— 4
107 109 1011 10-9 106 10-3 100
Tokens Processed Compute (PF-days)

Figure 2 We show a series of language model training runs, with models ranging in size from 10° to 10”
parameters (excluding embeddings).

Scaling laws for neural language models [Kaplan et al. OpenAl, 2020]



https://arxiv.org/abs/2001.08361

How to allocate increasing compute!

For compute-efficient training

¢ Increase model size more than data (increase data sublinearly).
e Increase batch size as data size increases

.S 108 Minimum serial steps 696 Data requirements
= Increases negligibly — ~~ | 036‘ grow relatively slowly
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Excess Compute (C/Cefficient)

Optimal Allocation of Compute Budget

Training at fixed batch size (should increase batch size with more data)

4.0 101 -
< ‘ Smaller models require
3.5 L more steps to train, while
= larger models require fewer
3.0 - 2
N
2.5 - Models between 0.6x and 2.2x the 7%
. ) . : O,
optimal size can be trained with a 28 100 -
2.0 - 20% larger compute budget ﬁ ‘
7p)
1.5- S
‘s Our framework does not
1.0 - capture early training dynamics
100 10! 100 10!
Deviation from Optimal Model (N/Nefficient) Deviation from Optimal Model (N/Negfficient)

Models larger than the optimal-size
can train faster (with less steps)
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Critical batch size

Number of training examples e “\ ;
Emin < Mini
o o o o . . ' 4 y 1nimuin
For compute efficient training, train with B4 = S to reach a given performance J \\ J\ / r
. /4 y{ /

IMUI Number of training steps / . L\Y/ /
- Larger B: more stable gradient, less training steps /
- Critical batch size: above which scaling efficiency decreases significantly / |

O ® Less noise, larger steps
Start ® More noise, smaller steps

Predicted Training Speed

SVHN (SGD) - Optimal Learning Rate
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@: 0 é 101 -
S Perfect = ‘
scalin 5
10—2 H———rrrr— g, — -
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- Optimal learning rate scales linearly with batch size 77—

Batch Size

An Empirical Model of Large-Batch Training [MacCandlish, et al. 2018] - arXiv:1812.061
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Critical batch size as function of test loss

Critical Batch Size vs. Performance

Emin 7
Bcrit(L) = 10° - X

Smin o /,/’

O o 25 °ooo°°<:-,q°
o c;gﬂ ® oe.odp%°o
B, 105 - R STt
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' —e— Empirical Bey, N = 3M
Empirical B, N =85M
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Figure 10 The critical batch size B.,i; follows a power law 1n the loss as performance increase, and does
not depend directly on the model size. We find that the critical batch size approximately doubles for every
13% decrease in loss. B, is measured empirically from the data shown in Figure ISL but it 1s also roughly

dicted by th dient no1 le, as in [MKAT18]. .,.
predicted by the gradient noise scale, as 1n | S]arX|v:1812.O6162


https://arxiv.org/pdf/1812.06162.pdf

Lessons from scaling LLMs

» Number of model parameters
» Size of dataset D
- Amount of compute (MFLOPs) C

Performance depends strongly on scale, weakly on model shape

Performance has a power-law relationship with each of the three scale factors
N, D, C when not bottlenecked by the other two

Performance improves predictably as long as we scale up N and D in tandem

Training curves follow predictable power-laws whose parameters are roughly
independent of the model size



Lessons from scaling LLMs

e [ransfer to a different distribution incurs a constant penalty but otherwise
improves roughly in line with performance on the training set.

* |Large models are more sample-efficient than small models, reaching the same
level of performance with fewer optimization steps and using fewer data points

* The ideal batch size for training these models is roughly a power of the loss
only, and continues to be determinable by measuring the gradient noise scale

* |f no constraints on data and model size, with given compute budget C

min min

NO(CQC /O!N BO(CO‘ICnin/aB SOCCQC /O.’S D:B.S



Is larger models always better!?
Can we train high-performance smaller
models with more data’

69



Is bigger always better!?

Megatron-Turing NLG (530B,
MS+NVidia)

1000 PaLM (540B, Google)
- O

= sl e ® Bloom (176B
§ HuggingFace+BigScience
T " LamDA(137B, 7 ° )
g ’ Google) o o
2 Megatron-LM (8.3B) Chinchilla (70B,
o Turing-NLG (17.2B) { Llama (65B, FAIR)
0 DeepMind)
-
O
'3
=
T 1
7
]
O
O
S BERT-Large (340M)

0.1

ELMo (94M)
0.01
2018 2019 2020 2021 2022 2023

https://huggingface.co/blog/large-language-models
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@ DeepMind

Training Compute-Optimal Large Language Models

Jordan Hoffmann*, Sebastian Borgeaud*, Arthur Mensch*, Elena Buchatskaya, Trevor Cai, Eliza Rutherford,
Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, Tom Hennigan, Eric Noland,
Katie Millican, George van den Driessche, Bogdan Damoc, Aurelia Guy, Simon Osindero, Karen Simonyan,
Erich Elsen, Jack W. Rae, Oriol Vinyals and Laurent Sifre*

https.//arxiv.org/abs/2203.15556



https://arxiv.org/abs/2203.15556

Train longer on more tokens

Lessons from training Chinchilla

 From GPT3: large models should not be trained to lowest possible loss to be
compute optimal

* Question: Given a fixed FLOPs budget how should one trade off model
size and number of training tokens?

* Pre-training loss L(N, D) for N parameters and D training tokens. Find the
optimal N and D values for a given compute budget.

 Empirical study on training 400 models from 70M to 16B parameters, trained
on 5B to 400B tokens.

 Answer: Train smaller models for (a lot) more training steps.



e Better to scale model size and number of tokens linearly!

1T /
A
—— Approach 1
1008 — Approach 2
o —— Approach 3
E 0B ---. Kaplan et al (2020)
Q
g % Chinchilla (70B)
A 1.0B ¥ Gopher (280B)
Y% GPT-3 (175B)
Y Megatron-Turing NLG (530B)
100M
/
1Ol\l/|017 1017 1041 1043 102

FLOPs



Training Loss
N N N N W W
N = o o0 o N

N
o

$0000 00

e For different model sizes, choose number of training tokens to keep FLOPs constant

[soFLOP Model size Data size
10T
1T
1T
bel N
1lel9 . - c
.. v 10B O
3el9 .. - .‘ X
O
1e20 Q. 1B .. |
3e20 [
6e20 d 1B
le2l 100M
3e2l
. | .. 100M | | .
100M 300M 1B 3B 6B 308 107 10 104! 1043 1043 10/ 10%° 1041 1043 1042
Paramatarc Fl NPc Fl NPc

Figure 3 | IsoFLOP curves. For various model sizes, we choose the number of training tokens such
that the final FLOPs is a constant. The cosine cycle length is set to match the target FLOP count. We
find a clear valley in loss, meaning that for a given FLOP budget there is an optimal model to train
(left). Using the location of these valleys, we project optimal model size and number of tokens for
larger models (center and right). In green, we show the estimated number of parameters and tokens
for an optimal model trained with the compute budget of Gopher.

74



Model

Size (# Parameters) Training Tokens

LaMDA (Thoppilan et al., 2022)
GPT-3 (Brown et al., 2020)
Jurassic (Lieber et al., 2021)
Gopher (Rae et al., 2021)

MT-NLG 530B (Smith et al., 2022)

137 Billion
175 Billion
178 Billion
280 Billion
530 Billion

168 Billion
300 Billion
300 Billion
300 Billion
270 Billion

Chinchilla

70 Billion

1.4 Trillion



Is larger models always better?
Can we go to even smaller models?

/0



Small language models

=. Microsoft Go g|e =. Microsoft GO gle 0 Meta w~  Hugging Face
Phi3 1B Gemma 7B Phi3-mini 3.8B Gemmaz2 2, 9B Llama 3.2, 1, 3B SmolLM v2 1.7B
09/2023 02/2024 04/2024 06/2024 09/2024 10/2024
% ) — :
RMeta i e @ 00 Meta W i s
Llama 7B Mistral 7B OpenELM 1, 3B Llama 3, 8B Qwen2.5 1, 3B Ministral 3, 8B
02/2023 09/2023 04/2024 04/2024 09/2024 10/2023

e SLM: language models <10B

e Fierce competition in small model
regime

e Mostly open-weight

Slide Credit: Mengzhou Xia
https://princeton-cos597r.github.io/lectures/lec16.pdf 27



Small language models are
getting better and better

® MMLU >= 65 ® MMLU < 65

70 @ Chinchilla-70B " | Qo . - ).
e Smaller models A,
are also able to
. 60
achieve good o
performance on .
MMLU R
=
© 40
o © ® S
—8 30 |
s
20
| o Ry
]O Llama-2-138 ama-3-8R
'S @ O P MiniCPM3-4B o o & ap
| ywen? 7H o .._. eni.o-Jd
0| >
Slide Credit: Mengzhou Xia 2020-05 2020-09 2023-01 2023-05 2023-09 2024-01 2024-05 2024-09

https://princeton-cos597r.github.io/lectures/lec16.pdf Released Date



How to obtain such small models?

* Train on high quality data

e “If we have a small dataset is focused on text-book quality educational

content, we can learn the task better, even with a smaller model.”

 Phi-2: The surprising power of small language models

 Model pruning and distillation

 Pruning: Sheared-Llama, Llama 3.2, Minitron

e Distillation: GemmaZ2, Llama 3.2, Minitron

s

.

Pretrained model

(Mistral-NeMo-12B,
LLaMa 3.1 8B etc)

\

A

[

Minitron model

Teacher
Correction

(127B)

(

\.

\

Corrected
Teacher

/

Pruning
Distillation

(<400B) (

L

Student ]



https://nips.cc/media/neurips-2023/Slides/83968_5GxuY2z.pdf#page=13.00
https://arxiv.org/pdf/2310.06694
https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/
https://arxiv.org/pdf/2408.11796
https://arxiv.org/pdf/2408.00118
https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/
https://arxiv.org/pdf/2408.11796
https://arxiv.org/pdf/2408.11796

_ U T /' Params MNLI
Iypes of prunlng BERTy.. (teacher) X X 10x  S5M 848
Distillation
DistillBERT X 2.0x 43M  82.2
TinyBERTj  / 2.0x 43M  84.0
MobileBERT* v X 23X 20M  83.9
DynaBERT X v  6.3x 11IM  76.3
_ AutoTinyBERT* v v 91x 33M 782
e Unstructured pruning TinyBERT, V / 114x 47TM 788
Pruning
: : Movement Pruning X v 1.0x M 81.2
®
MagnltUde prunlng Block Pruning X v 27X 256M 83.7
CoFi Pruning (ours) X v 2.7X 26M 84.9
CoFi Pruning (ours) X v 12.1x 4.4M 80.6

* Weights and activations

Table 1: A comparison of state-of-the-art distilla-

° ' tion and pruning methods. U and T denote whether
StrUCtured prunlng Unlabeled and Task-specific are used for distillation

or pruning. The inference speedups (') are reported

® Pru ne enti fe blOC kS / com pOﬂentS against a BERT},,. model and we evaluate all the mod-
els on an NVIDIA V100 GPU (§4.1). The models la-
beled as * use a different teacher model and are not a
direct comparison. Models are one order of magni-
tude faster.’

Structured Pruning Learns Compact and Accurate Models [Xia et al. ACL 2022]



https://arxiv.org/abs/2204.00408

Different ways to distill

e Phi: Transformation functions to
map features to the same shape

 Response-based

* Try to match output (either predictions / \

or logits) — J e Ly \ |
1t L.ayers I
\ I

e Feature-based Lren(fi(z),fs(z)) = Lr(P:(fi(2)), Ps(fs(z)))

00

* Try to match feature activation

_——-J

» Can be at different hidden layers L i I —— J

isti
o R e I at i O n — b aS e d ; Feature-Based Knowledge Response-Based Knowledge

Gou et al. 2020

* Relationship between different features
Lrap(fi, fs) = L (T fe, £1), @ (fs, f5)) » Distillation losses can be L_2, CE, MMD, KL


https://lilianweng.github.io/posts/2023-01-10-inference-optimization/%E2%80%9Dhttps://arxiv.org/abs/2006.05525%E2%80%9D

Distillation of DeepSeek-R1

Training recipe
Generated / Filtered using DeepSeek-R1*
Reasoning (600K)

General (200K)

Reasoning LLM Self-curated data
(DeepSeek-R1*) (800k)

l Small Reasoning

Small LLM S —
(Qwen/Llama) LLM

(SFT Qwen/Llama)

DeepSeek-R1 [DeepSeek 2025] - https://arxiv.org/pdf/2501.12948



https://arxiv.org/pdf/2501.12948

Distillation

GPQA LiveCode

Model AIME 2024 MATH-500 Diamond  Bench CodeForces
pass@l cons@64 pass@1 pass@1 pass@]1 rating
GPT-40-0513 9.3 13.4 74.6 49.9 32.9 759
Claude-3.5-Sonnet-1022 16.0 26.7 78.3 65.0 38.9 717
OpenAl-0l-mini 63.6 80.0 90.0 60.0 53.8 1820
QwQ-32B-Preview 50.0 60.0 90.6 54.5 41.9 1316
DeepSeek-R1-Distill-Qwen-1.5B 289 52.7 83.9 33.8 16.9 954
DeepSeek-R1-Distill-Qwen-7B 55.5 83.3 92.8 49.1 37.6 1189
DeepSeek-R1-Distill-Qwen-14B 69.7 80.0 93.9 59.1 53.1 1481
DeepSeek-R1-Distill-Qwen-32B 72.6 83.3 94.3 62.1 57.2 1691
DeepSeek-R1-Distill-Llama-8B 50.4 80.0 89.1 49.0 39.6 1205
DeepSeek-R1-Distill-Llama-70B 70.0 86.7 94.5 65.2 57.5 1633

Table 5 | Comparison of DeepSeek-R1 distilled models and other comparable models on
reasoning-related benchmarks.

https://arxiv.org/pdf/2501.12948



Combined pruning and distillation

1B & 3B Pruning & Distillation

One-shot pruning

Pre Training Data Mix

Synthetic Data Prompts

4 N

Llama 3.1 8B Pretrained Llama 3.1 70B Pretrained Inference Llama 3.1 4058B Instruct
Stack

Legend

Logit Data Collected Fine Tuning Data Synthetic Data

Collected Data

Derived Data il e ] """"""" N
yd Llama 3.2 1B/3B Instruct

el I

Pretrained Modlel \_ \_

Pruning-based
Instruct Model initialization

Slide Credit: Mengzhou Xia
https://princeton-cos597r.github.io/lectures/lec16.pdf https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/



Combined pruning and distillation

1B & 3B Pruning & Distillation  OYyNnthetic data generation

( A

Pre Training Data Mix

Synthetic Data Prompts

Llama 3.1 8B Pretrained Llama 3.1 70B Pretrained Inference Llama 3.1 405B Instruct
Stack

N
—
hd

Legend
Logit Data Collected Fine Tuning Data Synthetic Data

Collected Data

Derived Data

Pretrained Model \_ \_

Pruning-based
Instruct Model initialization

- - e -
7

Slide Credit: Mengzhou Xia
https://princeton-cos597r.github.io/lectures/lec16.pdf https://ai.meta.com/blog/llama-3-2-connect-2024-vision-edge-mobile-devices/



Test time scaling




[ 1 CoT BEA Llama-3.2-3B-Instruct [0 Llama-3.1-405B-Instruct [ ol-mini DeepSeek-R1 [ ol

TTS [ GPT-40 EZA DeepSeek-R1-Distill-1.56B B ol-preview B2 DeepSeek-R1-Distill-7B
MATH-500 AIME24
100 100 100 90
97.3
95.2
o (@) 948 80
1
90 - [N
60
SH 50
- 10
75 - (R
70 - (.
09 3B unk 405B 05 1.5B unk unk 0 671B 7B unk 0 3B 405B unk unk 1.5B unk 0 7B 671B unk
() (b) (c) (d) (e) (f)

Can 1B LLM Surpass 405B LLM? Rethinking Compute-Optimal Test-Time Scaling [Liu et al. 2025] - https://arxiv.org/pdf/2502.06703



https://arxiv.org/pdf/2502.06703

Test time scaling

Scaling laws for training

What about scaling laws for inference?

* Tradeoff model size vs inference time compute
* |Large models can only be deployed on machines with large memory
 Smaller models can be deployed on smaller devices

Generate multiple output chains and do search to select / aggregate to form
a final output

Typically needed for problems involving reasoning



Tree of thought

e Decision making @ @ o
by considering

multiple paths of | l
reasoning | E
e Consider different I Voo E
“thoughts” J o
expressed in O l
language aortywis |

different typeS of (a) Input-Output (c) Chain of Thought  (c) Self Consistency
prOblemS Prompting (10) Prompting (CoT) with CoT (CoT-SC)

(d) Tree of Thoughts (ToT)

Tree of Thoughts: Deliberate Problem Solving with Large Language Models [Yao et al, 2023]
Large Language Model Guided Tree-of-Thought [Long 2023]



Tree of thoughts

Tree of Thoughts: Deliberate Problem Solving with Large Language Models [Yao et al, 2023]

Example: want to get to number 24 from four input numbers

Input 491013
B T A R e S o - :"_:" ------
! — I | -
[P col . S ——— - _l
...... 4’(—;— 3
t"’---- Y - i N
13-6=/  13-9=4 ...
r“'---------r\ o et

(a) Propose Prompt

)

Input: 491013
Possible next steps:

4

(b) Value Prompt

S

Evaluate if given numbers can
reach 24 (sure/likely/impossible)
1014:10 + 14 = 24. sure

101313

Thought Generation

4+9=13(left 10 13 13)

10- 4=6 (left: 6 913)

.
4 A
LM -
\ /
,
/ 3
g »

Use LLM to propose next steps and evaluate how good the state is

90

-

Thought Evaluation
{i3-10]*13-3+13-39
10 + 13 + 13 = 36 There is no way
to obtain 24 with these big
numbers. impossible




Types of test-time scaling

Scaling (Post Tpaining) (Inference) Verification Required

Sequential Parallel Scaling Hybrid Scaling Internal Scaling Internal Scaling \
S

QUZSTiOn QueSTion Quesﬂon QUZSTiOﬂ QU@STiOH L _| Verification Optional
/\ Selected (Sub)-sample
2,8/7, V1,
[ I { ' Y | @ Rejected (sub)-Sample
| I I I | I
l I I I )
l ) | ] | ) > Stimulation
N == — N —-—— S - = =
‘67 - — - —» Search
f—)— — _" —P Aggregation
Il I
I |
| ) Param Frozen
n - Param Trainable
47 g @
Answer Answer Answer Answer Answer @ Finetuning

What, How, Where, and How Well? A Survey on Test-Time Scaling in Large Language Models
[Zhang et al. 2025] - https://testtimescaling.github.io/




How to get to test-time scaling?

* Trained model must support different reasoning paths
* Training for reasoning using SFT or RL
 SFT. Generate step-by-step directions and then self-train or distill into smaller model
 RL: Outcome and process rewards
* Decoding for reasoning
* Parallel - generate multiple paths and then aggregate
e Sequential - break down into subsets

 Hybrid - Tree search



GRPO: Two types of supervision

 Outcome supervision

=), = — — — —  — — —_— coo oo
e std(r) LG

 Process supervision o
rindex()) _ mean(R)

A — ~ index(j) zindex(j) — _
Ay= ), 7 ’ std(R)

l

index(j)>t
r — {{rlindex(l)’ I rindex(KG)}}

b b

index(Kl)} { index(1)
s U ey

https://arxiv.org/pdf/2402.03300



Process reward model (PRM)

* [rain process-based
verifier

* Process supervision

e Supervise up to first
Incorrect step

* [rain on step-level
labels iIn PRM800K

Let
z® 4 3z — 4 = py(2)pa(2) - - - pa(),

where each non-constant polynomial p;(z) is monic with integer coefficients, and
cannot be factored further over the integers. Compute p,(1) + po(1) + - -+ + pi(1).

I notice that the given polynomial has even degree and only even powers of z, so I can try to
make a substitution to simplify it.

Let y = z*, then the polynomial becomes y? + 3y — 4, which is a quadratic equation.
I can factor this quadratic equation as (y + 4)(y — 1), so the original polynomial is (z* + 4)(z* — 1).
Now I need to factor each of these factors further, if possible, over the integers.

For the first factor, z* + 4, I recall the Sophie Germain identity, which says that a* + 4b* =
(a2 + 2% + 2ab)(a? + 2b? — 2ab).

Applying this identity with a =z and b= 1, I get z* + 4 = (2* + 2z + 2)(z* — 2z + 2).

For the second factor, z* — 1, I can use the difference of squares formula, which says that
a’— b = (a+ b)(a—b).

Applying this formula witha = z? and b=1, I get z* — 1 = (2% + 1)(z* - 1).

Then I can apply the difference of squares formula again with a = z and b= 1, to get 2% — 1
=(z+1)(z - 1).

So the original polynomial is (z* + 4)(z* — 1) = (2* + 2z + 2)(2* — 2z + 2)(z* + 1)(z + 1)(z — 1).

These are all the irreducible factors over the integers, so p(z) = 2% + 2z + 2, p2(z) = 2* — 22 + 2,
ps(z) =22+ 1, py(z) =z + 1, and ps(z) =z — 1.

To find the sum of their values at z = 1, I just need to plug in = 1 into each factor and add
them up.

Igetpi(1)=124+2-142=5p(1)=1*=2-14+2=1,p3(1) =12 +1=2,p4(1) =14+ 1 =2,
and ps(1) =1—-1=0.

So the final answer is 5+1+2+ 2+ 0= 10.
Answer: 10

Let |
z® + 3z' — 4 = py(z)pa(z) - - - (),

where each non-constant polynomial p;(z) is monic with integer coefficients, and
cannot be factored further over the integers. Compute p (1) + po(1) + -+ - + pi(1).

This problem is about factoring a polynomial over the integers, which can be a tricky task.

One possible strategy is to look for rational roots of the polynomial, using the rational root
theorem.

However, that would involve checking a lot of possible factors of —4, and there is no guarantee
that the polynomial has any rational roots at all.

Another possible strategy is to use some algebraic tricks to simplify the polynomial or reduce
its degree.

I notice that the polynomial has only even powers of z, so I can try to substitute y = z* and
see what happens.

Then the polynomial becomes y* + 3y* — 4, which is a quadratic equation in 3.

I can try to factor this quadratic equation by looking for two numbers that multiply to —4 and
add to 3.

Those numbers are 4 and —1, so I can write y* + 3y — 4 = (y° + 4)(y* - 1).

Now I can substitute back z? = y and get z° + 3z* — 4 = (z* + 4)(z* - 1).

This looks promising, because I have reduced the degree of the factors from 8 to 4.

I can try to factor each of these factors further, using the difference of squares formula.
I get 2% + 32 — 4 = (2% + 2)(2® — 2)(z* + 1)(«* — 1).

I can apply the difference of squares formula again to the last factor and get z* 4+ 3z* — 4 =
(2 + 2)(z® - 2)(z* + 1)(z + 1)(z - 1).

Now I have factored the polynomial completely into monic linear and quadratic factors with
integer coefficients.

These are the p;(x)’s that the problem is asking for.

To find the sum of their values at x = 1, I just need to plug in z = 1 into each factor and add
them up.

I get py(1) +po(1) +---+pe(1) = (12 +2)(12 = 2)(12 + 1)(1 + 1)(1 = 1).
Simplifying, I get pi(1) + p2(1) + - -- + p(1) = (3)(—1)(2)(2)(0).
Multiplying, I get p1(1) + p2(1) +--- + pi(1) = 0.

Answer:

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050



https://arxiv.org/pdf/2305.20050

PRMS800K

800K step-level labels across
/5K solutions to 12K

p ro b I err] S The denominator of a fraction is 7 less than 3 times the numerator. If the fraction is equivalent to 2/5, what is the numerator of
the fraction? (Answer: | 14 )

[ ) H u man Iabel Step_ by_Step @ @ Let's call the numerator x.
SOI UtiOnS generated tO MATH ) (&) @ So the denominator is 3x-7.
problems ® @ We know that x(@x-7) = 2/5

) () & So 5x = 2(3x-7).

e Label each step as correct /
neural / incorrect

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050



https://arxiv.org/pdf/2305.20050

Process reward model (PRM)

_ 601 60 - g
. § 554 :Zr 55 - -
* [rain process-based 5 2
. % 50 - 0 501
verifier s 2 s
. & 40 v
° ProceSS Su perVISlon é 35 —— PRM + Active Learning § 3>
< ~—— PRM (PRM,.4e supervised) o 30 ~—— PRM (PRM;.ge Supervised)
_ _ r’% 301 —— ORM (PRMj, e SUpervised) ;o 75 . —— ORM (PRM,ge SUpervised)
® Su perV|Se up tO flrSt > vl —— ORM (final-answer supervised) -0 —— ORM (final-answer supervised)

_ 100 — 1 — 102 : '1'60 o 102 : 103
InCO rreCt Step Number of solutions labelled per problem N = number of solutions per problem

(b) Three reward models trained on
200 samples/problem using different
forms of supervision, compared across
many test-time compute budgets.

(a) Four series of reward models
trained using different data collection
strategies, compared across training
sets of varying sizes.

* [rain on step-level
labels iIn PRM800K

Let’s verify step by step [Lightman et al. 2023] - https://arxiv.org/pdf/2305.20050



https://arxiv.org/pdf/2305.20050

Decoding as search

Proposer: LLM that generate solutions

» Different prompt and decoding strategies to stimulate responses from the LLM
Verifier: Scores states and solutions to select the final answer

e (Can score both the outcome and the process

Search: Classical search approaches (BFS, DFS, MCTS)

Aggregation: select (self-consistency, best-of-N) or fuse

Meta-generation: combines the above to generate a good response



Meta-generation

Meta-generator

® 1. Generation algorithms def generate_proof(llm, theorem):
e Maximization strategies = [

o e Sampling "Prove by contradiction.\n",
e Controlled generation "Prove by induction.\n",

]

2. Meta-generation .
candidates = [

e Programmatic patterns

. Extornal information Tty 11m.generate(§trategy +.theorem)
. for strategy in strategies
: ¥Off;ple models ] for sample in range(5)
— Environments output = 11lm.generate(
3. Efficient generation "Which of the proofs is best?\n”
e Optimizing token cost + "\n".join(candidates)
e Speeding up generators )
e Speeding up meta-generators return output

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838



https://arxiv.org/pdf/2406.16838

Decoding

Method Purpose Adapter Extrinsic
Ancestral sampling —

Temperature sampling [1] Rescale

Greedy decoding Argmax (temperature— 0)

Top-k sampling (56| Truncation (top-k)

Nucleus sampling |86 Truncation (cumulative prob.

Typical sampling [154] y ~ q(pe) Truncation (entropy) -

Epsilon sampling [82] y ~ q(pe) Truncation (probability) -

n sampling [82)] y ~ q(pe) Truncation (prob. and entropy) -

Mirostat decoding [11] Target perplexity Truncation (adaptive top-k) -~

Basis-aware sampling (57| y ~ q(pe) Truncation (linear program) LP Solver
Contrastive decoding [129] y ~ q(pe) log pgr — log ps and truncation Model py-
DExperts [137] Yy~ q.(-|z,c) x po - (po+/Po-)" Models pg+, pg-
Inference-time adapters [146] y ~ g. o r(y) x (po - por )™ Model pg-
Proxy tuning [138] Yy~ q.(-|z,c) x po - (po+ /Po-)" Models pg+, pg-

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838
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Meta-generation

» Make use of sub-generators { g, ..., g} to obtain final generated text y given
input x and parameters @ using meta-generation strategy g:

y~g(-|x,{g--8&}>P)

» Different meta-generation strategies to use / combine generators

* Chaining
» Parallel generate + aggregate
o Step-level search

e (Generate and refine

Parallel generate

n

/’2

J

i

$

Aggregate

R
] ...

J

(a) Parallel search

Generate B — Select N

HE {

N

(b) Heuristic step-level search

Append

-

— Replace Initialize

, - ‘
.-.- Generate \ <

HERN
: N

~—_  Feedback Output

(c) Refinement



Chaining

 Problem decomposition
* Chain of thought
» | east to most prompting - solve easier subproblems in turn
 Demonstrate-search-predict - combines retrieval with in-context learning

e Jools

* LangChain / MiniChain - Useful tools for chaining together prompts



Chaining

Demonstrate-search-predict

“How many storeys are in the Q How many storeys are in the castle... Q How many storeys are in the...
castle David Gregory inherited?” Demos
Q When was the discoverer of Palomar 4 born?
‘ Hopl Which castle did David Gregory inherit?
A 1889 -

) ) Psgl David Gregory inherited Kinnairdy Castle...
Q How many storeys are 1n... Hopl Who discovered Palomar 4?

. . Hop2 How many storeys are in Kinnairdy Castle?
Psgl Edwin Hubble discovered Palomar 4...

Q When was the discoverer of Psg2 Kinnairdy Castle [..] having five storeys...

1
I
I
|
I
|
I
|
I
|
Palomar 4 born? > Hop2 When was Edwin Powell born? E
T 0 .
~ A 1889 E § Psg2 Edwin Powell Hubble (1889-1953) was... i ‘
4 1 |
g | pred 1889 of i 3 Predict
= Q In which city did Akeem ; — i |
Ellis play in 20177 E Q In which city &{d Akeem Ellis play... E et Preaiot e ““T" o -:J-'“““'
' \ " context = [x.psgl, x.psqgl
A Ellesmere Port E A Ellesmere Port \\ E pred = generate(q-;l_:e:.*rxj.:'.-;l:o:) (X) .prea
: \ : Y Y
; N :
‘ X : Example - - ! ‘
E Pred MWaterloo x \\ :
I
1 \ |
| ! How man r he...
1 Demonstrate | ‘ E Q How many storeys does the
1
1 I
i e e |2 Search B
X.daemos = (X.CTrain, iccempt) 1 |
ratuy _E ; reh(x: E sle) -> Example: E Pred Five storeys
[ 10pl = generate (hop template) (x) .pred ) ‘
def attempt (d: Example) : x.psgl = retrieve (x.hopl, k=1)[0] FTe
1 = wrch (d) X.hopZ = generate(hop template) (x) .pred “Eive stor‘eys”
1 = predict(d) X.psgZ2 = retrieve(x.hop2, k=1)[0]
1f d.pred == d.answer: return d return x

DEMONSTRATE-SEARCH-PREDICT: Composing retrieval and language models for knowledge-intensive NLP [Khattab et al. 2023]
https://arxiv.org/pdf/2212.14024



Parallel generation and aggregate

 Generate N-best options
Parallel generate Aggregate

-+
~
B Al e

* Aggregate using either

* Reranking

e Transformation

T

(a) Parallel search

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838



https://arxiv.org/pdf/2406.16838

Meta-generation

Algorithm Aggregation type Scoring / transforming with

Best-of-N 24 Rerank LLM score or external score

Noisy-channel 163 Rerank Log-linear combination score

Majority voting 9 Transform Empirical vote frequency

Weighted majority voting 215 Transform Empirical distribution over answers

Self-consistency 220 Transform Marginal distribution over answers

Universal self-consistency 30 Transform Answer aggregation using an LLM generator

Branch-Solve-Merge 186 Transform Answer aggregation using an LLM generator / rule-based parsing
QE-fusion 217 Transform Answer contains spans from candidates

Table 3: Parallel meta-generators.

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838
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Step-level search

o Particularly well suited for

reasoning (Generate -.___ Qelect N
* Generate partial solutions (steps) -. | -.
 Maintain states of partial solutions |
* Generation strategy involve: \ A q
ppen

* Evaluating state

. Way to select states for (b) Heuristic step-level search

exploration / expansion
From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838
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Meta-generation

Method Search State Generation Value v(st) Tasks

gpt-f Proof Search [176] Best-first Proof-so-far  Proof step log pg Formal proving

gpt-f +outcome [176] Best-first ~ Proof-so-far = Proof step vy =~ E(success)  Formal proving
Proofsize Search [177] Best-first ~ Proof-so-far  Proof step vy =~ E(length) Formal proving
Stepwise++ [224] Beam Proof-so-far  Proof step log pg + n-grams  Informal proving
Self-Evaluation [233] Beam Steps-so-far  Reasoning step log pg + LLM Multi-step correctness
Reward Balanced Search [229] BFS-like Steps-so-far  Reasoning step vy ~ E(correct) Multi-step correctness
Tree-of-Thought [240] BFS/DFS  Steps-so-far = Generation step Prompted LLM Multi-step generation
Graph-of-Thought [14] BFS/DFS  Steps-so-far = Generation step Prompted LLM Multi-step generation
HyperTree Proof Search [119] MCT'S Proof-so-far  Proof step 'U¢ ~ [E(success) Formal proving
AlphaLLM [211] MCTS Steps-so-far  Reasoning steps ~ E(correct)  Multi-step correctness
Reasoning via Planning [78] MCTS Steps-so-far  Generation step Prompted LLM Multi-step generation

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] -

100

https://arxiv.org/pdf/2406.16838
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Refinement

* (Generated output is iteratively

refined
i - - Replace I ’t‘ 5
e Initial generator g, information T P \ nitlalize
source h, refiner g Generate .--.
y(()) ~J g()(y‘a:) /
~ h(z|z,y <Y, 2(<Y), ~ Feedback Output
y( )~ g(ylz,y <‘),z(5‘)).

(c) Refinement

From Decoding to Meta-Generation: Inference-time Algorithms for Large Language Models [Welleck et al. 2024] - https://arxiv.org/pdf/2406.16838
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Self-Correction

Self-Corrector Toxicity

Write a non-toxic continuation for:
There's no need to make threats if...

you know we won't take that @
#@!* you %$*# 0.95

Constrained generation

Write a sentence with

Generator
bow, prepare, shoot, arrow, target

22

~ you know we won't take that
m o.so

you know we won't accept @
that kind of behavior 0.00

Qe—@+—0

I'll prepare my bow and
shoot an arrow at the target v

0«

54

Math

Sam had 6 more apples than Carlos.
Carlos had 4. How many for Sam?

_ | missing
A X = Carlos
ey 5'-4 wrong
x 5 ] operator
x=6+4 +/ = good

Generating sequences by learning to self-correct [Welleck et al. 2022] - https://arxiv.org/pdf/2211.00053


https://arxiv.org/pdf/2211.00053

Self-Correction

Ilteratively train corrector (initial generator is fixed)

7 S

Exploration
Over-generate hypotheses and corrections

Generator

%P

(dog, park, bench] - » A dog sits in a park.

An empty park bench.

A dog sits in a park
on a bench

A dog sits in a park. ... >

Get value and (optional) feedback

A dog sits in a park. -+ 0.66 Include the word “bench”.

- A dog sits in a park.

Train on similar, value-improving corrections

Pairing
Pair hypotheses with value-improving corrections
e':yp?yoga:(nb?n::. Similarity: 0.5
A dog sits in a park -
on a bench.
Mydog sawabench: R0

" a park.

Learning

(dog, park, bench)

A dog sits in a park

[
on a bench. > 1.00 omect

Generating sequences by learning to self-correct [Welleck et al. 2022]

A dog sits in a park, A o k
+ &2 e

Include the word “bench”.

- https://arxiv.org/pdf/2211.00053
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Self-Correction

Algorithm 1 Self-corrective learning
input Generator pg, corrector pg, prompts X, value v(-), feedback f(-)

Initialize datapool D by sampling from pg > Initialization: Eq. 2
for iteration € {1,2,...} do
for z € X do

Sample hypotheses y from datapool D

Generate corrections ' ~ po(-|y, z, f(y))

Add all (z,vy",v(y’), f(y")) to the datapool D > Exploration: Eq. 5
Form value-improving pairs P from D > Pairing: Eq. 3
for stepinl,2,..., M do

Sample a batch of value-improving pairs from P using Eq. 4

Compute the loss and update 6 using gradient descent > Learning

Generating sequences by learning to self-correct [Welleck et al. 2022] - https://arxiv.org/pdf/2211.00053
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Budget forcing

 Decoding intervention to force some
number of thinking tokens

 Maximum: append end-of-thinking
token and “Final Answer:” to stop
thinking

 Minimum: Suppress generation of
end-of-thinking token, append “Wait”

CHow many r in raspberry? Questmn)

/Let's break down the process of counting the letter 'r' in the

word "raspberry" ...

* First letter: 'r' - Thisis an 'r', count = 1.

* Second letter: 'a' - Not an 'r', count remains 1 ...

* Sixth letter: 'e’' - Not an 'r', count remains 1.

* Seventh letter: 'r' - This is an 'r', count = 2,

* Eighth letter: 'y' - Not an 'r', count remains 2 ...

The number of 'r's in "raspberry" is 2.

Wait, let's re-read the question carefully. It asks "How many r
in raspberry?" ...*r-a-s-p-b-e-r-r-y..*First'r'..*

\Second 'r"... * Third 'r" ... Count =3 ... Reasoning trace /

My initial answer of 2 was incorrect due to a quick reading (%

\the word. Final Answer: The final answer is|3 Response /

e

Figure 3. Budget forcing with s1-32B. The model tries to stop
after “...1s 2.”, but we suppress the end-of-thinking token delimiter
instead appending “Wait” leading s1-32B to self-correct its answer.

S1: Simple Test-Time Scaling [Muennighoff et al. 2025] - https://arxiv.org/pdf/2501.19393



Budget forcing

Competition Math PhD-Level Science Questions
- (AIME24) (GPQA Diamond)
Forcing 2048/4096 max thinking Sequential scaling G accuracy
tokens via Forcing with s1 A N4
| o
S 9 /
<40 < /
0 0 54 /
E (O
: > d -
O . e
&) &J ) ‘ ‘ . B - = ~®
50 - .
Ignoring end-of-thinking 2x/4x/6x and “¢' Parallel scaling via Majority
20 appending “Wait” thus forcing it to continue ‘,." voting with base model
o reasoning when it tries to stop 46 ',»‘ (Qwen2.5-32B-Instruct)
1024 2048 4096 8192 100,000 1 million
Average thinking time (tokens) Output tokens (sum over all questions)
(a) Sequential scaling via budget forcing (b) Parallel scaling via majority voting

Figure 4. Sequential and parallel test-time scaling. (a): Budget forcing shows clear scaling trends and extrapolates to some extent. For
the three rightmost dots, we prevent the model from stopping its thinking 2/4/6 times, each time appending “Wait” to its current reasoning
trace. (b): For Qwen2.5-32B-Instruct we perform 64 evaluations for each sample with a temperature of 1 and visualize the performance
when majority voting across 2, 4, 8, 16, 32, and 64 of these.

S1: Simple Test-Time Scaling [Muennighoff et al. 2025] - https://arxiv.org/pdf/2501.19393



Search and aggregate

PRM provides
score

Best-of-N Beam Search Lookahead Search
e I.-.B;a-m u:ch'-b.ul :oc:lo- b
| e o SRS |
Question '_"i"'" _____ ' Question . : Question e o Trorosunt the value for

Continue Search from
the top-N options

r I r I r v (2 (L IS (L IS errrservreerennrseedinnceivacennns
| | I | I |
< ¢ < ¢
Select the best final answer usingtheverifier |  Select the best final answer using the verifier = | o 4 4 4 & & & & & & & & & o o & & « & o o & & & s s s & » & & « s « ¥
Key: ( - —I
I | = Apply Verifier = Full Solution = |ntermediate solution step = Selected by verifier = Rejected by verifier

-

Figure 2 \ Comparing different PRM search methods. Left: Best-of-N samples N full answers and then selects the best
answer according to the PRM final score. Center: Beam search samples N candidates at each step, and selects the top M
according to the PRM to continue the search from. Right: lookahead-search extends each step in beam-search to utilize a k-step
lookahead while assessing which steps to retain and continue the search from. Thus lookahead-search needs more compute.

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314



https://arxiv.org/pdf/2408.03314

Parallel vs sequential

Key:

. Using Revision Model + Verifier at -
Parallel SaITIplll'lg lnfergnce Time I( : = Apply Verifier = Selected by verifier = Rejected by verifier
A: So 7/4 yap/dap ... ] Parallel Best-of-N Sequential Revisions
‘== Verifier selects
. = !
:; pl.l'd' ::p; 7 LM proposes answers \!4‘ the best answer
how :n:znga dq:: parallel ( _.— ' selects
equa ps Buill. the best
... answer
A: If 7/4 yaps/dap ... ] ( |

Sequential Revisions

Verifier

LM proposes a sequence of revisions, each

. : . selects the
conditioned on previous revisions '

(
| |
@ Verifier selects the best (\ - best answer
|

e Question answer within each chain 'S : across chains
Q: If 4 daps = 7 (" A
yaps, and 5 0 VD . . 4
yaps=3baps, —» LM —'[ A: We ... H A:So... H A:If7/4 ... ] ~—- (.' Y @, .0,
mmany d.pg I\ JI I\ JI I\ JI l\ ,' ,/
equal 42 baps? (== - C - :,,
n®, | T T===c

Figure 5 | Parallel sampling (e.g., Best-of-N) verses sequential revisions. Left: Parallel sampling generates N answers
independently in parallel, whereas sequential revisions generates each one in sequence conditioned on previous attempts. Right:
In both the sequential and parallel cases, we can use the verifier to determine the best-of-N answers (e.g. by applying best-of-N
weighted). We can also allocate some of our budget to parallel and some to sequential, effectively enabling a combination of the
two sampling strategies. In this case, we use the verifier to first select the best answer within each sequential chain and then
select the best answer accross chains.

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314
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Iteratively revising answers

Comparing Test-time and Pretraining Compute

Compute Optimal Revisions in a FLOPs Matched Evauation
45 == Majority 30 +27.8%
——  Best-of-N Weighted 5'
® Compute Optimal © = 20
40 @ Parallel ~ K-
—~ S o
3= <5 10
~ c o
& 35 = E
L 83 O
Q = o
2 SE
g 30 o+ -10
Q‘—'
< EQ
= 25 g) = -20
- e
% L _a ® Easy Questions
20 1 d ® Medium Questions
® Hard Questions
-40
2} 2’ 2° 2’ <<1 ~=1 >>1
Generation Budget Ratio of Inference Tokens to Pretraining Tokens

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314
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45

40

35

30

25

20

MATH Accuracy (%)

15

10

Test-time search against PRM verifier

Compute Optimal Search

«@= Majority
wfd= ORM Best-of-N Weighted
«@= PRM Best-of-N Weighted
afP= PRM Compute Optimal

25

Generation Budget

Test-time Search Against a PRM Verifier

Relative Improvement in Accuracy
From Test-time Compute (%)

Comparing Test-time and Pretraining Compute
in a FLOPs Matched Evauation

20 +19.1%

—
(-

, +2.2%
0.0%

® Easy Questions
® Medium Questions
® Hard Questions

<< ~=1 >>1

Ratio of Inference Tokens to Pretraining Tokens

Scaling LLM Test-Time Compute Optimally can be More Effective than Scaling Model Parameters [Snell et al. 2024] - https://arxiv.org/pdf/2408.03314
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Comparing search for small models

Pass@k —_— Maiofi[y Best-of-N wmeem Beam Search e DVTS DIVGFSG Verlflable Tree SearCh

Math-Shepherd-PRM-7B RLHFlow-PRM-Mistral-88 RLHFlow-PRM-Deepseek-8B Skywork-PRM-1.5B Skywork-PRM-78B Qwen2.5-Math-PRM-78B Qwen2.5-Math-PRM-72B
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-
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Figure 4: Performance of Llama-3.1-8B-Instruct and Qwen2.5-7B-Instruct on MATH-500 with different
PRMs and TTS strategies.

Can 1B LLM Surpass 405B LLM? Rethinking Compute-Optimal Test-Time Scaling [Liu et al. 2025] - https://arxiv.org/pdf/2502.06703
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Test-time scaling

Pre-training Scaling

— - — " = — —

— m— —_—

»
7 l vt (’ Performance Updated
Training Time N bounded Slowly
Time | ) O
Test |33 [ ———) \
Time N Training |
NN N n T- ! » 9
* | s /R
Status Quo ‘ 4 ’
Foundation Model | | e
\

Test-time Scaling

' >
Extended Resource Great Updated
Participants efficient Potential uickl

\ ——

What, How, Where, and How Well? A Survey on Test-Time Scaling in Large Language Models
[Zhang et al. 2025] - https://testtimescaling.github.io/



