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Logistic regression
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Discriminative Model

• Logistic Regression: model  directlyp(y |x)

<latexit sha1_base64="DxULJ48i3aq6T+L6++u+r0w9p/4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBEEoiRV0W3bisYB/QhDKZTNqhk0mYmaglZOnGX3HjQhG3foI7/8ZJG0FbD1w4nHMv997jxYxKZVlfRmlhcWl5pbxaWVvf2Nwyt3faMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGl7nfuSVC0ojfqHFM3BANOA0oRkpLfXPfCZEaekF6l0EH+5GCP8J9Bo+h1zerVs2aAM4TuyBVUKDZNz8dP8JJSLjCDEnZs61YuSkSimJGsoqTSBIjPEID0tOUo5BIN508ksFDrfgwiIQuruBE/T2RolDKcejpzvxKOevl4n9eL1HBuZtSHieKcDxdFCQMqgjmqUCfCoIVG2uCsKD6VoiHSCCsdHYVHYI9+/I8aZ/U7NNa/bpebVwUcZTBHjgAR8AGZ6ABrkATtAAGD+AJvIBX49F4Nt6M92lryShmdsEfGB/fPTmZeA==</latexit>

w · x+ b

P(y |x)



Logistic Regression

• Powerful supervised model


• Baseline approach to most NLP tasks


• Connections with neural networks


• Binary (two classes) or multinomial (>2 classes)

<latexit sha1_base64="DxULJ48i3aq6T+L6++u+r0w9p/4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBEEoiRV0W3bisYB/QhDKZTNqhk0mYmaglZOnGX3HjQhG3foI7/8ZJG0FbD1w4nHMv997jxYxKZVlfRmlhcWl5pbxaWVvf2Nwyt3faMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGl7nfuSVC0ojfqHFM3BANOA0oRkpLfXPfCZEaekF6l0EH+5GCP8J9Bo+h1zerVs2aAM4TuyBVUKDZNz8dP8JJSLjCDEnZs61YuSkSimJGsoqTSBIjPEID0tOUo5BIN508ksFDrfgwiIQuruBE/T2RolDKcejpzvxKOevl4n9eL1HBuZtSHieKcDxdFCQMqgjmqUCfCoIVG2uCsKD6VoiHSCCsdHYVHYI9+/I8aZ/U7NNa/bpebVwUcZTBHjgAR8AGZ6ABrkATtAAGD+AJvIBX49F4Nt6M92lryShmdsEfGB/fPTmZeA==</latexit>

w · x+ b

P(y |x)



Discriminative Model

• Logistic Regression: 


• Naive Bayes: ̂c = arg max
c

P(c)P(d |c)

̂c = arg max
c

P(c |d)
discriminative model focus on 

discriminating 
features

can be used to 
generate the cat 

and the dog generative model

cats have 

whiskers



Classification function

• Given: Input feature vector 


• Output:  and                       (binary classification)


• Use a function,  to model the probability  

• Sigmoid: 

[x1, x2, . . . , xd]

P(y = 1 |x) P(y = 0 |x)

F : IRd → [0,1] P(y |x)

z

<latexit sha1_base64="lVjW4yHD8i7jhl+Irya7n5AR6p0=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqYkmkqBuh6MZlBfuANpbJdNIOnUzCzESMMQs3/oobF4q49SPc+TdO2yy09cCFwzn3cu89bsioVJb1bczNLywuLedW8qtr6xub5tZ2QwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru8GLkN2+JkDTg1yoOieOjPqcexUhpqWsWaqX44W4fnsGOJxBO7DSxD8hNcnifpl2zaJWtMeAssTNSBBlqXfOr0wtw5BOuMENStm0rVE6ChKKYkTTfiSQJER6iPmlrypFPpJOMn0jhnlZ60AuELq7gWP09kSBfyth3daeP1EBOeyPxP68dKe/USSgPI0U4nizyIgZVAEeJwB4VBCsWa4KwoPpWiAdIh6F0bnkdgj398ixpHJXt43LlqlKsnmdx5EAB7IISsMEJqIJLUAN1gMEjeAav4M14Ml6Md+Nj0jpnZDM74A+Mzx8an5ck</latexit>

P (y|x) = 1

1 + e�z

<latexit sha1_base64="lUAJyci1OrLxPW2cn6HHygwVjTs=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbLIkWXFZ+yO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99gNVmklxb9KY+hEeChYygo2V2o1K+vR4hvqlslt1Z0DLxMtJGXI0+qWv3kCSJKLCEI617npubPwMK8MIp5NiL9E0xmSMh7RrqcAR1X42O3eCTq0yQKFUtoRBM/X3RIYjrdMosJ0RNiO96E3F/7xuYsIrP2MiTgwVZL4oTDgyEk1/RwOmKDE8tQQTxeytiIywwsTYhIo2BG/x5WXSOq96F9XaXa1cv87jKMAxnEAFPLiEOtxCA5pAYAzP8ApvTuy8OO/Ox7x1xclnjuAPnM8fZcqO9w==</latexit>

P (y|x)
<latexit sha1_base64="PHwtLnNIxvWCfY5iBST9p+0a4tY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEEoSRS1E2h6MZlBfuANobJZNIOnUzCzEStITs3/oobF4q49Rfc+TdO2yy09cCFwzn3cu89XsyoVJb1bczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4GLkt26JkDTi12oYEydEPU4DipHSkmvuPcAq7MokdFNatbOb1M/gnUvhva4j6LlmySpbY8BZYuekBHLUXfOr60c4CQlXmCEpO7YVKydFQlHMSFbsJpLECA9Qj3Q05Sgk0knHf2TwQCs+DCKhiys4Vn9PpCiUchh6ujNEqi+nvZH4n9dJVHDmpJTHiSIcTxYFCYMqgqNQoE8FwYoNNUFYUH0rxH0kEFY6uqIOwZ5+eZY0j8v2SblyVSnVzvM4CmAX7INDYINTUAOXoA4aAINH8AxewZvxZLwY78bHpHXOyGd2wB8Ynz/Icpf8</latexit>

z =
dX

i=1

wixi + b



Why the sigmoid?

• Binary logistic regression uses the log-odds to determine 
the probability. 


• Log-odds:  

y = 1
1 + e−z

y

z

<latexit sha1_base64="iyxRSqHpFeZTK0AaPIl6gif23N4=">AAACBHicbVDLSsNAFJ34rPVVddnNYBHqwpJIUTdC0Y3LCvYBTSiT6U07dJIMMxOxhCzc+CtuXCji1o9w5984fSy09cCFwzn3cu89vuBMadv+tpaWV1bX1nMb+c2t7Z3dwt5+U8WJpNCgMY9l2ycKOIugoZnm0BYSSOhzaPnD67HfugepWBzd6ZEALyT9iAWMEm2kbqHoBpLQVGSpcyIyfIldeBC47ALnx91Cya7YE+BF4sxICc1Q7xa+3F5MkxAiTTlRquPYQnspkZpRDlneTRQIQoekDx1DIxKC8tLJExk+MkoPB7E0FWk8UX9PpCRUahT6pjMkeqDmvbH4n9dJdHDhpSwSiYaIThcFCcc6xuNEcI9JoJqPDCFUMnMrpgNiUtEmt7wJwZl/eZE0TyvOWaV6Wy3VrmZx5FARHaIyctA5qqEbVEcNRNEjekav6M16sl6sd+tj2rpkzWYO0B9Ynz8WRZcY</latexit> p

1� p
= exp(`)

<latexit sha1_base64="oyMZj/3JVCESkG/LIUGSeMWodfY=">AAAB/nicbVBNS8NAEN34WetXVDx5WSxCe7AkUtSLUPTisYL9gCaUzXbaLt0ky+5GLKHgX/HiQRGv/g5v/hu3bQ7a+mDg8d4MM/MCwZnSjvNtLS2vrK6t5zbym1vbO7v23n5DxYmkUKcxj2UrIAo4i6CumebQEhJIGHBoBsObid98AKlYHN3rkQA/JP2I9Rgl2kgd+1DgK+zBo8BFDzgv4aJ7Kkodu+CUnSnwInEzUkAZah37y+vGNAkh0pQTpdquI7SfEqkZ5TDOe4kCQeiQ9KFtaERCUH46PX+MT4zSxb1Ymoo0nqq/J1ISKjUKA9MZEj1Q895E/M9rJ7p36acsEomGiM4W9RKOdYwnWeAuk0A1HxlCqGTmVkwHRBKqTWJ5E4I7//IiaZyV3fNy5a5SqF5nceTQETpGReSiC1RFt6iG6oiiFD2jV/RmPVkv1rv1MWtdsrKZA/QH1ucPs2uTZQ==</latexit>

p = exp(`)(1� p)

<latexit sha1_base64="Yu7gxEKiMQXRfGFai8BFvOmIEhs=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSAkCGFXgtoIQRvLCOYB2SXMTu4mQ2YfzMyKYUlp46/YWChi6yfY+TdOki1i4oELZ865l7n3eDFnUlnWj7G0vLK6tp7byG9ube/smnv7DRklgkKdRjwSLY9I4CyEumKKQysWQAKPQ9Mb3Iz95gMIyaLwXg1jcAPSC5nPKFFa6phHMS7a+BQ78BgXHeC8VMJXM6+OWbDK1gR4kdgZKaAMtY757XQjmgQQKsqJlG3bipWbEqEY5TDKO4mEmNAB6UFb05AEIN10csgIn2ili/1I6AoVnqizEykJpBwGnu4MiOrLeW8s/ue1E+VfuikL40RBSKcf+QnHKsLjVHCXCaCKDzUhVDC9K6Z9IghVOru8DsGeP3mRNM7K9nm5clcpVK+zOHLoEB2jIrLRBaqiW1RDdUTRE3pBb+jdeDZejQ/jc9q6ZGQzB+gPjK9fWNGXCg==</latexit>

p(1 + exp(`)) = exp(`)

<latexit sha1_base64="in9RXpj4khdmGSCfyQHIYlKh74k=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEN5YZKepGKLpxWcE+oFNKJs20oZkkJBmhDIMbf8WNC0Xc+hXu/BvTdhbaeuDC4Zx7ufeeUDKqjed9O4Wl5ZXVteJ6aWNza3vH3d1rapEoTBpYMKHaIdKEUU4ahhpG2lIRFIeMtMLRzcRvPRClqeD3ZixJN0YDTiOKkbFSzz0ICGPwCgZMDGAQKYRTmaX+qcx6btmreFPAReLnpAxy1HvuV9AXOIkJN5ghrTu+J003RcpQzEhWChJNJMIjNCAdSzmKie6m0xcyeGyVPoyEssUNnKq/J1IUaz2OQ9sZIzPU895E/M/rJCa67KaUy8QQjmeLooRBI+AkD9inimDDxpYgrKi9FeIhsjkYm1rJhuDPv7xImmcV/7xSvauWa9d5HEVwCI7ACfDBBaiBW1AHDYDBI3gGr+DNeXJenHfnY9ZacPKZffAHzucPJsuWqA==</latexit>

` = log
p

1� p

Value is also known 
as logit (logistic unit)

• z is a linear estimate of the log-odds:

<latexit sha1_base64="PHwtLnNIxvWCfY5iBST9p+0a4tY=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEEoSRS1E2h6MZlBfuANobJZNIOnUzCzEStITs3/oobF4q49Rfc+TdO2yy09cCFwzn3cu89XsyoVJb1bczNLywuLRdWiqtr6xub5tZ2U0aJwKSBIxaJtockYZSThqKKkXYsCAo9Rlre4GLkt26JkDTi12oYEydEPU4DipHSkmvuPcAq7MokdFNatbOb1M/gnUvhva4j6LlmySpbY8BZYuekBHLUXfOr60c4CQlXmCEpO7YVKydFQlHMSFbsJpLECA9Qj3Q05Sgk0knHf2TwQCs+DCKhiys4Vn9PpCiUchh6ujNEqi+nvZH4n9dJVHDmpJTHiSIcTxYFCYMqgqNQoE8FwYoNNUFYUH0rxH0kEFY6uqIOwZ5+eZY0j8v2SblyVSnVzvM4CmAX7INDYINTUAOXoA4aAINH8AxewZvxZLwY78bHpHXOyGd2wB8Ynz/Icpf8</latexit>

z =
dX

i=1

wixi + b

<latexit sha1_base64="Yk2Z4WiHJCAy+uvWrtdmWwrGQ3I="></latexit>

p =
exp(`)

(1 + exp(`))

=
1

(1 + exp(�`))
= �(`)



Weights and bias

• Which features are important and how much?


• Learn a vector of weights and a bias 

• Weights: Vector of real numbers, 


• Bias: Scalar intercept, 

w = [w1, w2, . . . , wd]

b

z =
d

∑
i=1

wixi + b

<latexit sha1_base64="a2S82J/gbojn8w6Mzsjl/Ft93Js=">AAACK3icbVDLSsNAFJ34rPUVdelmsAiCUBIp6kYodeOyQl/QxDKZTNqhkwczE7WG/I8bf8WFLnzg1v9w0gaxrQcGDuecy9x7nIhRIQ3jQ1tYXFpeWS2sFdc3Nre29Z3dlghjjkkThyzkHQcJwmhAmpJKRjoRJ8h3GGk7w8vMb98SLmgYNOQoIraP+gH1KEZSST299gAvoOUjOXC85C6FFnZD+Svcp/AYOlOJm8as29NLRtkYA84TMyclkKPe018sN8SxTwKJGRKiaxqRtBPEJcWMpEUrFiRCeIj6pKtogHwi7GR8awoPleJCL+TqBRKO1b8TCfKFGPmOSmZrilkvE//zurH0zu2EBlEsSYAnH3kxgzKEWXHQpZxgyUaKIMyp2hXiAeIIS1VvUZVgzp48T1onZfO0XLmulKq1vI4C2AcH4AiY4AxUwRWogybA4BE8gzfwrj1pr9qn9jWJLmj5zB6Ygvb9A1WppoQ=</latexit>

z = w · x+ b = wTx+ b
Vector form



Given x, compute  


Compute probabilities: 


Decision boundary:                      

z = w ⋅ x + b

P(y = 1 |x) = σ(z) = 1
1 + e−z

̂y = {1 if P(y = 1 |x) > 0.5
0 otherwise

Putting it together

<latexit sha1_base64="h9jwoI3QvhEm+rHzi5b6urb+I3Q="></latexit>

P (y = 1) = �(w · x+ b)

1

1 + e�(w·x+b)

<latexit sha1_base64="4a2iIKzmrRZPYAk0Vt7icy8/4sU="></latexit>

P (y = 0) = 1� �(w · x+ b)

= 1� 1

1 + e�(w·x+b)

=
e�(w·x+b)

1 + e�(w·x+b)



Decision boundary

Decision boundary:                    

̂y = {1 if P(y = 1 |x) > 0.5
0 otherwise

<latexit sha1_base64="DxULJ48i3aq6T+L6++u+r0w9p/4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBEEoiRV0W3bisYB/QhDKZTNqhk0mYmaglZOnGX3HjQhG3foI7/8ZJG0FbD1w4nHMv997jxYxKZVlfRmlhcWl5pbxaWVvf2Nwyt3faMkoEJi0csUh0PSQJo5y0FFWMdGNBUOgx0vFGl7nfuSVC0ojfqHFM3BANOA0oRkpLfXPfCZEaekF6l0EH+5GCP8J9Bo+h1zerVs2aAM4TuyBVUKDZNz8dP8JJSLjCDEnZs61YuSkSimJGsoqTSBIjPEID0tOUo5BIN508ksFDrfgwiIQuruBE/T2RolDKcejpzvxKOevl4n9eL1HBuZtSHieKcDxdFCQMqgjmqUCfCoIVG2uCsKD6VoiHSCCsdHYVHYI9+/I8aZ/U7NNa/bpebVwUcZTBHjgAR8AGZ6ABrkATtAAGD+AJvIBX49F4Nt6M92lryShmdsEfGB/fPTmZeA==</latexit>

w · x+ b

P(y |x)

<latexit sha1_base64="I9l37v5PCgWdmfC8n3SOPWVz0Zs=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIQpmRoq6k6MZlBfuAdiiZTKYNzSRDklHLMB/gxl9x40IRt36AO//GTDuCth4IHM45l9x7vIhRpW37yyosLC4trxRXS2vrG5tb5e2dlhKxxKSJBROy4yFFGOWkqalmpBNJgkKPkbY3usz89i2Rigp+o8cRcUM04DSgGGkj9cuVXoj00AuSuxT2sC80/BHuU3gEPXgObZOyq/YEcJ44OamAHI1++bPnCxyHhGvMkFJdx460myCpKWYkLfViRSKER2hAuoZyFBLlJpNjUnhgFB8GQprHNZyovycSFCo1Dj2TzDZVs14m/ud1Yx2cuQnlUawJx9OPgphBLWDWDPSpJFizsSEIS2p2hXiIJMLa9FcyJTizJ8+T1nHVOanWrmuV+kVeRxHsgX1wCBxwCurgCjRAE2DwAJ7AC3i1Hq1n6816n0YLVj6zC/7A+vgGCUuaTg==</latexit>

w · x+ b > 0
<latexit sha1_base64="Bc7LvZklLRKeQv7Em1QORfzccto=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCWRoi6LblxWsA9oQplMJu3QSSbMTNQS8gVu/BU3LhRx69qdf+OkjaCtBy4czrmXe+/xYkalsqwvo7S0vLK6Vl6vbGxube+Yu3sdyROBSRtzxkXPQ5IwGpG2ooqRXiwICj1Gut74Mve7t0RIyqMbNYmJG6JhRAOKkdLSwKw5IVIjL0jvMuhgnyv4I9xn8Bh60GEEWgOzatWtKeAisQtSBQVaA/PT8TlOQhIpzJCUfduKlZsioShmJKs4iSQxwmM0JH1NIxQS6abTdzJY04oPAy50RQpO1d8TKQqlnISe7sxvlfNeLv7n9RMVnLspjeJEkQjPFgUJg4rDPBvoU0GwYhNNEBZU3wrxCAmElU6wokOw519eJJ2Tun1ab1w3qs2LIo4yOACH4AjY4Aw0wRVogTbA4AE8gRfwajwaz8ab8T5rLRnFzD74A+PjG9iEm1E=</latexit>

w · x+ b  0

Threshold can be set as 
hyperparameter that is tuned

Decision boundary is linear 
function of features



What do we use as features?

11



Example: Sentiment classification

(Credits: Dan Jurafsky)



Example: Sentiment classification

• Assume weights  and bias w = [2.5, − 5.0, − 1.2,0.5,2.0,0.7] b = 0.1



Feature design

• Most important rule: Data is key!


• Linguistic intuition (e.g. part of 
speech tags, parse trees)


• Complex combinations

• Feature templates


• Sparse representations, hash only seen 
features into index


• Ex. Trigram(logistic regression classifier) 
= Feature #78


• Advanced: Representation learning (we will 
see this with neural networks!)



Multinomial Logistic Regression

15



Multinomial Logistic Regression

• What if we have more than 2 classes? (e.g. Part of speech 
tagging, named entity recognition)


• Need to model  


• Generalize sigmoid function to softmax


                      

P(y = c |x)∀c ∈ C

softmax(zi) = ezi

∑k
j=1 ezj

1 ≤ i ≤ k



Softmax

• Similar to sigmoid, softmax squashes values towards 0 or 1


• If , then


• 


• For multinomial LR, 


                        

z = [0,1,2,3,4]

softmax(z) = ([0.0117,0.0317,0.0861,0.2341,0.6364])

P(y = c |x) = ewc ⋅ x+bc

∑k
j=1 ewj ⋅ x+bj



Features in multinomial LR

• Features need to include both input (x) and class (c)


• Implicit in binary case



Learning

• Generalize binary loss to multinomial CE loss:                                      




• Gradient:


                   

LCE( ̂y, y) = −
k

∑
c=1

1{y = k}log P(y = k |x)

= −
k

∑
c=1

1{y = k}log ewc⋅x+bc

∑k
j=1 ewj⋅x+bc

dLCE

dwc
= − (1{y = c} − P(y = c |x))xc

= − 1{y = c} − ewc⋅x+bc

∑k
j=1 ewj⋅x+bc

xc

−
n

∑
i=1

[y log ̂y + (1 − y)log(1 − ̂y)]

Binary CE loss



Logistic Regression: what’s good and 
what’s not

• More freedom in designing features


• No strong independence assumptions like Naive Bayes


• More robust to correlated features (“San Francisco” vs “Boston”) —LR is 
likely to work better than NB


• Can even have the same feature twice! (why?)


• However: not as good on small datasets (compared to Naive Bayes)


• Interpreting learned weights can be challenging



Relationship to neural networks

21



Feed-forward NNs

• Input:  

• Output: 

x1, …, xd

y ∈ {0,1}

22



An artificial neuron

• A neuron is a computational unit that has scalar inputs and an output 
• Each input has an associated weight. 
• The neuron multiples each input by its weight, sums them, applied a 

nonlinear function to the result, and passes it to its output.

23



Neural networks

• The neurons are connected to each other, forming a network 
• The output of a neuron may feed into the inputs of other neurons

24

• Feed forward network (FFN)

• Fully connected network (FCN)



A neuron can be a binary logistic regression unit

f(z) =
1

1 + e�z
<latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit>

hw,b(x) = f(w|x+ b)
<latexit sha1_base64="6EvxOqBfnKQlVFSWvkhLPUqI7OU="></latexit><latexit sha1_base64="6EvxOqBfnKQlVFSWvkhLPUqI7OU="></latexit><latexit sha1_base64="6EvxOqBfnKQlVFSWvkhLPUqI7OU="></latexit><latexit sha1_base64="6EvxOqBfnKQlVFSWvkhLPUqI7OU="></latexit>
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A neural network 
= running several logistic regressions at the same time

• If we feed a vector of inputs through a bunch of logistic regression 
functions, then we get a vector of outputs… 

• which we can feed into another logistic regression function
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NN has other activation functions

sigmoid
Advantages of ReLU?

f(z) =
1

1 + e�z
<latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit><latexit sha1_base64="4snGlhjxkE7I7roWcflso17LAcU=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQEctEBN0IRTcuK9gHtGPJpJk2NJMZkozQDrNw46+4caGIWz/CnX9j2s5CWw9cOJxzL/fe40WcKe0431ZuaXlldS2/XtjY3NresXf3GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0htcTv/lApWKhuNOjiLoB7gvmM4K1kbp20S+Pj+Al7PgSkwSlCYLHkN4nJ+M07dolp+JMARcJykgJZKh17a9OLyRxQIUmHCvVRk6k3QRLzQinaaETKxphMsR92jZU4IAqN5k+kcJDo/SgH0pTQsOp+nsiwYFSo8AznQHWAzXvTcT/vHas/Qs3YSKKNRVktsiPOdQhnCQCe0xSovnIEEwkM7dCMsAmDm1yK5gQ0PzLi6RxWkFOBd2elapXWRx5UAQHoAwQOAdVcANqoA4IeATP4BW8WU/Wi/Vufcxac1Y2sw/+wPr8ASGfln4=</latexit>

f 0(z) = f(z)⇥ (1� f(z))
<latexit sha1_base64="3GcbAayqBhW++9Kwcpn77Vsrhoc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovYLiyJCLoRim5cVrAPaEOZTCft4OTBzI1QQ3du/BU3LhRx6y+482+cpFlo64FhDufcy733uJHgCizr2ygsLC4trxRXS2vrG5tb5vZOS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG337ir12/dMKh4GtzCOmOOTYcA9TgloqW/ue0eVhyq+wF769YD7TOGKjY8zodo3y1bNyoDniZ2TMsrR6JtfvUFIY58FQAVRqmtbETgJkcCpYJNSL1YsIvSODFlX04DoeU6S3THBh1oZYC+U+gWAM/V3R0J8pca+qyt9AiM166Xif143Bu/cSXgQxcACOh3kxQJDiNNQ8IBLRkGMNSFUcr0rpiMiCQUdXUmHYM+ePE9aJzXbqtk3p+X6ZR5HEe2hA1RBNjpDdXSNGqiJKHpEz+gVvRlPxovxbnxMSwtG3rOL/sD4/AFGEZW7</latexit><latexit sha1_base64="3GcbAayqBhW++9Kwcpn77Vsrhoc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovYLiyJCLoRim5cVrAPaEOZTCft4OTBzI1QQ3du/BU3LhRx6y+482+cpFlo64FhDufcy733uJHgCizr2ygsLC4trxRXS2vrG5tb5vZOS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG337ir12/dMKh4GtzCOmOOTYcA9TgloqW/ue0eVhyq+wF769YD7TOGKjY8zodo3y1bNyoDniZ2TMsrR6JtfvUFIY58FQAVRqmtbETgJkcCpYJNSL1YsIvSODFlX04DoeU6S3THBh1oZYC+U+gWAM/V3R0J8pca+qyt9AiM166Xif143Bu/cSXgQxcACOh3kxQJDiNNQ8IBLRkGMNSFUcr0rpiMiCQUdXUmHYM+ePE9aJzXbqtk3p+X6ZR5HEe2hA1RBNjpDdXSNGqiJKHpEz+gVvRlPxovxbnxMSwtG3rOL/sD4/AFGEZW7</latexit><latexit sha1_base64="3GcbAayqBhW++9Kwcpn77Vsrhoc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovYLiyJCLoRim5cVrAPaEOZTCft4OTBzI1QQ3du/BU3LhRx6y+482+cpFlo64FhDufcy733uJHgCizr2ygsLC4trxRXS2vrG5tb5vZOS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG337ir12/dMKh4GtzCOmOOTYcA9TgloqW/ue0eVhyq+wF769YD7TOGKjY8zodo3y1bNyoDniZ2TMsrR6JtfvUFIY58FQAVRqmtbETgJkcCpYJNSL1YsIvSODFlX04DoeU6S3THBh1oZYC+U+gWAM/V3R0J8pca+qyt9AiM166Xif143Bu/cSXgQxcACOh3kxQJDiNNQ8IBLRkGMNSFUcr0rpiMiCQUdXUmHYM+ePE9aJzXbqtk3p+X6ZR5HEe2hA1RBNjpDdXSNGqiJKHpEz+gVvRlPxovxbnxMSwtG3rOL/sD4/AFGEZW7</latexit><latexit sha1_base64="3GcbAayqBhW++9Kwcpn77Vsrhoc=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovYLiyJCLoRim5cVrAPaEOZTCft4OTBzI1QQ3du/BU3LhRx6y+482+cpFlo64FhDufcy733uJHgCizr2ygsLC4trxRXS2vrG5tb5vZOS4WxpKxJQxHKjksUEzxgTeAgWCeSjPiuYG337ir12/dMKh4GtzCOmOOTYcA9TgloqW/ue0eVhyq+wF769YD7TOGKjY8zodo3y1bNyoDniZ2TMsrR6JtfvUFIY58FQAVRqmtbETgJkcCpYJNSL1YsIvSODFlX04DoeU6S3THBh1oZYC+U+gWAM/V3R0J8pca+qyt9AiM166Xif143Bu/cSXgQxcACOh3kxQJDiNNQ8IBLRkGMNSFUcr0rpiMiCQUdXUmHYM+ePE9aJzXbqtk3p+X6ZR5HEe2hA1RBNjpDdXSNGqiJKHpEz+gVvRlPxovxbnxMSwtG3rOL/sD4/AFGEZW7</latexit>

tanh

f 0(z) = 1� f(z)2
<latexit sha1_base64="MqVGA4i/sJsTCssjlSr5qxWmCNA=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFrAtLUgTdCEU3LivYC7SxTKaTduhkEmYmYg19FTcuFHHri7jzbZy2WWj1h4GP/5zDOfP7MWdKO86XlVtaXlldy68XNja3tnfs3WJTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oalpv3VOpWCRu9TimXogHggWMYG2snl0MjsqPx+gCuegEBQbvqj275FScmdBfcDMoQaZ6z/7s9iOShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMChxS5aWz2yfo0Dh9FETSPKHRzP05keJQqXHom84Q66FarE3N/2qdRAfnXspEnGgqyHxRkHCkIzQNAvWZpETzsQFMJDO3IjLEEhNt4iqYENzFL/+FZrXiOhX35rRUu8ziyMM+HEAZXDiDGlxDHRpA4AGe4AVerYn1bL1Z7/PWnJXN7MEvWR/fnxSRkw==</latexit><latexit sha1_base64="MqVGA4i/sJsTCssjlSr5qxWmCNA=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFrAtLUgTdCEU3LivYC7SxTKaTduhkEmYmYg19FTcuFHHri7jzbZy2WWj1h4GP/5zDOfP7MWdKO86XlVtaXlldy68XNja3tnfs3WJTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oalpv3VOpWCRu9TimXogHggWMYG2snl0MjsqPx+gCuegEBQbvqj275FScmdBfcDMoQaZ6z/7s9iOShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMChxS5aWz2yfo0Dh9FETSPKHRzP05keJQqXHom84Q66FarE3N/2qdRAfnXspEnGgqyHxRkHCkIzQNAvWZpETzsQFMJDO3IjLEEhNt4iqYENzFL/+FZrXiOhX35rRUu8ziyMM+HEAZXDiDGlxDHRpA4AGe4AVerYn1bL1Z7/PWnJXN7MEvWR/fnxSRkw==</latexit><latexit sha1_base64="MqVGA4i/sJsTCssjlSr5qxWmCNA=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFrAtLUgTdCEU3LivYC7SxTKaTduhkEmYmYg19FTcuFHHri7jzbZy2WWj1h4GP/5zDOfP7MWdKO86XlVtaXlldy68XNja3tnfs3WJTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oalpv3VOpWCRu9TimXogHggWMYG2snl0MjsqPx+gCuegEBQbvqj275FScmdBfcDMoQaZ6z/7s9iOShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMChxS5aWz2yfo0Dh9FETSPKHRzP05keJQqXHom84Q66FarE3N/2qdRAfnXspEnGgqyHxRkHCkIzQNAvWZpETzsQFMJDO3IjLEEhNt4iqYENzFL/+FZrXiOhX35rRUu8ziyMM+HEAZXDiDGlxDHRpA4AGe4AVerYn1bL1Z7/PWnJXN7MEvWR/fnxSRkw==</latexit><latexit sha1_base64="MqVGA4i/sJsTCssjlSr5qxWmCNA=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFrAtLUgTdCEU3LivYC7SxTKaTduhkEmYmYg19FTcuFHHri7jzbZy2WWj1h4GP/5zDOfP7MWdKO86XlVtaXlldy68XNja3tnfs3WJTRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oalpv3VOpWCRu9TimXogHggWMYG2snl0MjsqPx+gCuegEBQbvqj275FScmdBfcDMoQaZ6z/7s9iOShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMChxS5aWz2yfo0Dh9FETSPKHRzP05keJQqXHom84Q66FarE3N/2qdRAfnXspEnGgqyHxRkHCkIzQNAvWZpETzsQFMJDO3IjLEEhNt4iqYENzFL/+FZrXiOhX35rRUu8ziyMM+HEAZXDiDGlxDHRpA4AGe4AVerYn1bL1Z7/PWnJXN7MEvWR/fnxSRkw==</latexit>

f(z) =
e2z � 1

e2z + 1
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f(z) = max(0, z)
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ReLU  
(rectified linear unit)

f 0(z) =

(
1 z > 0

0 z < 0
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Zero centered



Advantages of neural networks

28

• Learn feature representations (no longer have to hand craft features) 

Hand-crafted features Learned representations



Advantages of neural networks

29

• Learn feature representations (no longer have to hand code features) 

• Multiple layers allow for more complex functions with non-linear decision boundaries 

Linear decision boundary Non-linear decision boundary
 Linear decision boundary 


in transformed space



Advantages of neural networks

30

• Learn feature representations (no longer have to hand code features) 

• Multiple layers allow for more complex functions with non-linear decision boundaries 

• Can build up complex models by connecting “neurons” into building blocks, and by 
connecting these building blocks together 

• Optimization is mostly taken care of by auto-differentiation libraries 

• Development of flexible deep learning libraries allow researchers and developers to focus 
more on modelling the problem



Back to Logistic Regression
How to learn the parameters?

31



Learning

• We have our classification function - how to assign 
weights and bias?


• Goal: predicted label  as close as possible to actual label 


• Distance metric/Loss function between  and  : 



• Optimization algorithm for updating weights

̂y y

̂y y
L( ̂y, y)



Loss function

• Assume 


• . But what form?


• Maximum likelihood estimation (conditional):


• Choose  and  such that  is maximized for true labels  paired 
with input 


• Similar to language models!


•  given a corpus

̂y = σ(w ⋅ x + b)

L( ̂y, y) =  Measure of difference between  ̂y and y

w b log P(y |x) y
x

max log P(wt |wt−n, . . . , wt−1)



Cross Entropy loss

• Assume a single data point  and two classes


• Classifier probability:  


• Log probability: 


• Loss: 

(x, y)

P(y |x) = ̂y y(1 − ̂y)1−y

log P(y |x) = log[ ̂y y(1 − ̂y)1−y]

−log P(y |x) = − [y log ̂y + (1 − y)log(1 − ̂y)]

= y log ̂y + (1 − y)log(1 − ̂y)

y = 1 ⇒ − log ̂y y = 0 ⇒ − log(1 − ̂y)



Example: Computing CE Loss

• Assume weights  and bias 


• If y = 1 (positive sentiment), 


• If y = 0 (negative sentiment), 

w = [2.5, − 5.0, − 1.2,0.5,2.0,0.7] b = 0.1

LCE = − log(0.69) = 0.37

LCE = − log(0.31) = 1.17



Cross Entropy loss

• Assume n data points  


• Classifier probability:  


• Loss:


(x(i), y(i))

n

∏
i=1

P(y(i) |x(i)) =
n

∏
i=1

̂yy(1 − ̂y)1−y

−log
n

∏
i=1

P(y(i) |x(i)) = −
n

∑
i=1

log P(y(i) |x(i))

LCE = −
n

∑
i=1

[y log ̂y + (1 − y)log(1 − ̂y)]

Maximizing likelihood = Minimizing cross entropy



Properties of CE Loss

• 


• Ranges from 0 (perfect predictions) to 


• Lower the value, better the classifier


• Cross-entropy between the true distribution  and 
predicted distribution 

LCE = −
n

∑
i=1

[y(i) log ̂y(i) + (1 − y(i))log(1 − ̂y(i))]

∞

P(y |x)
P( ̂y |x)

LCE = −
ny=1

n
log ̂y −

ny=0

n
log(1 − ̂y) =

1

∑
y=0

p(y |x)log p( ̂y |x)



Optimization

• We have our classification function and loss function - how do we find the best  and ?


                                                     


                                         


• No close form solution: need to numerically determine optimal solution


• Gradient descent: 


• Find direction of steepest slope  


• Move in the opposite direction

w b

θ = [w; b]

̂θ = arg min
θ

1
n

n

∑
i=1

LCE(y(i), x(i); θ)



Gradient descent (1-D)

θt+1 = θt − η
d
dθ

L( f(x; θ), y)

Loss function we are optimizing



Gradient descent for LR

• Cross entropy loss for logistic regression is convex (i.e. 
has only one global minimum)


• No local minima to get stuck in


• Deep neural networks are not so easy


• Non-convex



Learning Rate

• Updates: 


• Magnitude of movement along gradient


• Higher/faster learning rate = larger 
updates to parameters

θt+1 = θt − η
d
dθ

L( f(x; θ), y)

θ θ

L(θ) L(θ)

θ* θ*



Gradient descent with vector weights

• In LR: weight  is a vector


• Express slope as a partial derivative of loss w.r.t 
each weight:


               

w

• Updates: θ(t+1) = θt − η∇L( f(x; θ), y)



Gradient for logistic regression




Gradient, 


LCE = −
n

∑
i=1

[y(i) log σ(w ⋅ x(i) + b) + (1 − y(i))log(1 − σ(w ⋅ x(i) + b))]

dLCE(w, b)
dwj

=
n

∑
i=1

[σ(w ⋅ x(i) + b) − y(i)]x(i)
j

dLCE(w, b)
db

=
n

∑
i=1

[σ(w ⋅ x(i) + b) − y(i)]



Properties of the logistic function

• Relationship to 


         




• Derivative


  

σ(−z)

σ(z) = 1
1 + e−z = ez

ez + 1 = 1 + ez − 1
1 + ez = 1 − σ(−z)

⇒ σ(−z) = 1 − σ(z)

dσ(z)
dz

= e−z

(1 + e−z)2 = 1
1 + e−z

1
ez + 1 = σ(z)σ(−z) = σ(z)(1 − σ(z))

dσ(z)
dz

= σ(z)(1 − σ(z))



Taking the gradient 




Consider cross-entropy loss for the ith instance / data point with 


               








LCE = −
n

∑
i=1

[y(i) log σ(w ⋅ x(i) + b) + (1 − y(i))log(1 − σ(w ⋅ x(i) + b))]

z = w ⋅ x(i) + b

dL(i)
CE

dwj
=

dL(i)
CE

dz
dz
dwj

dL(i)
CE

db
=

dL(i)
CE

dz
dz
db

dL(i)
CE

dz
= − [y(i) σ′ (z)

σ(z) + (1 − y(i)) −σ′ (z)
1 − σ(z) ]

= − [y(i) σ(z)(1 − σ(z))
σ(z) + (1 − y(i)) −σ(z)(1 − σ(z))

1 − σ(z) ]
= − [y(i)(1 − σ(z))) + (1 − y(i))(−σ(z))] = − [y(i) − σ(z)] = σ(z) − y(i)

dσ(z)
dz

= σ(z)(1 − σ(z))

dL(i)
CE

dz
= σ(z) − y(i)












LCE = −
n

∑
i=1

[y(i) log σ(w ⋅ x(i) + b) + (1 − y(i))log(1 − σ(w ⋅ x(i) + b))]

dL(i)
CE

dz
= σ(z) − y(i)

dL(i)
CE

dwj
=

dL(i)
CE

dz
dz
dwj

dL(i)
CE

db
=

dL(i)
CE

dz
dz
db

z = w ⋅ x(i) + b

dz
dwj

= x(i)
j

dz
db

= 1

= (σ(w ⋅ x(i) + b) − y(i)) x(i)
j

= (σ(w ⋅ x(i) + b) − y(i))

Taking the gradient 



Stochastic Gradient Descent

• Online optimization


• Compute loss and 
minimize after each 
training example



Stochastic Gradient Descent

• Online optimization


• Compute loss and 
minimize after each 
training example



Regularization

• Training objective: 


• This might fit the training set too well! (including noisy features)


• Poor generalization to the unseen test set — Overfitting 

• Regularization helps prevent overfitting


                       

̂θ = arg max
θ

n

∑
i=1

log P(y(i) |x(i))

̂θ = arg max
θ

n

∑
i=1

log P(y(i) |x(i)) − αR(θ)



L2 regularization

• 


• Euclidean distance of weight vector  from origin


• L2 regularized objective:


                

R(θ) = | |θ | |2 =
d

∑
j=1

θ2
j

θ

̂θ = arg max
θ

n

∑
i=1

log P(y(i) |x(i)) − α
d

∑
j=1

θ2
j



L1 Regularization

• 


• Manhattan distance of weight vector  from origin


• L1 regularized objective:


                

R(θ) = | |θ | |1 =
d

∑
j=1

|θj |

θ

̂θ = arg max
θ

n

∑
i=1

log P(y(i) |x(i)) − α
d

∑
j=1

|θj |



L2 vs L1 regularization

• L2 is easier to optimize - simpler derivation


• L1 is complex since the derivative of  is not 
continuous at 0


• L2 leads to many small weights (due to  term)


• L1 prefers sparse weight vectors with many weights set 
to 0 (i.e. far fewer features used)

|θ |

θ2


