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Types of supervised classifiers

Naive Bayes Logistic regression

Support vector machines k-nearest neighbors
2

Neural networks



Multinomial Naive Bayes

• Generative model that assumes input features are conditionally 
independent given the class:  




• Parameters are the class priors  and 


• Maximum likelihood parameters are easy to estimate (learn)


• Use Laplace smoothing to regularize


P(y |x) =
P(y)P(x |y)

P(x)
=

P(y)∏j P( fj(x) |y)

P(x)

P(y) P( fj |y)

P( fj |y) =
count( fj, y) + α

count(y) + m × α
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Generative model
Model joint probability P(x, y)For BOW model,  are the words and fj m = |V |

Multinomial refers to the 
distribution of the features



Logistic Regression

• Models  as logistic function (or softmax for >2 classes)





• Does not have independence assumption


• Train to maximize conditional log-probability


• Maximizing conditional log-probability = Minimizing Cross-Entropy loss


• Also known as Log-linear/MaxEnt model for classification

P(y |x)

P(y = c |x) =
exp(wc ⋅ fc(x, c))

∑c′￼∈C exp(wc′￼
⋅ fc′￼

(x, c′￼))

4

Discriminative model
Model decision boundary directly

Generalization of 
the logistic function

Loss for one training 
sample (xi, yi)

<latexit sha1_base64="ByoxTEQ9a89tBtjitRaBSDefPS8="></latexit>

LCEi = � log

✓
exp(syi)P
k2C exp(sk)

◆

Parameters are weights w Features are hand designed

Score sc = wc ⋅ fc(x, c)



Types of supervised classifiers

Naive Bayes Logistic regression

Support vector machines k-nearest neighbors
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Neural networks



• Margin Classifier


• Find separating hyperplane that maximizes margin 


• Linear Classifier: 


• Use kernel trick to transform input into different space


• Soft-margin SVM: find weights ,   to minimize





• Multiclass hinge loss


̂y = sign(w ⋅ f(x) − b)

w b

1
n

n

∑
i=1

max(0,1 − yi(w ⋅ f(xi) − b)) + λ∥w∥2

SVM (Support Vector Machines)
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LHingei
=

X

k 6=yi

max(0, sk � syi + 1)Loss for one training 
sample (xi, yi)

Binary classes: +1, -1

Hinge/max-margin loss

score s

sk = wk ⋅ f(xi, k) syi
= wyi

⋅ f(xi, yi)

(upper bound on 0-1 loss)



kNN (Nearest Neighbors)

• Requires distance / similarity metric


• Find  nearest neighbors and take majority vote as label


• Non-linear model - very jagged decision boundaries


• Nothing to do during training


• Need to keep all training data for inference


• Can be expensive (memory + runtime) at inference time


• Use appropriate nearest neighbor (ANN) algorithms to 
speed up search for nearest neighbors in high dimensions  

k
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Types of supervised classifiers

Naive Bayes Logistic regression

Support vector machines k-nearest neighbors
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Neural networks



Neural networks for NLP

Feed-forward NNs Recurrent NNs

Convolutional NNs Transformer

Always coupled with word embeddings…
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Graph NNs

Recursive NNs



Neural Networks
• Hookup neurons (computation units with non-linear activation 

functions) into networks


• Universal function approximations (for arbitrary width or depth)


• Mix-and-match different loss functions and optimizers
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Non-convex

Different Loss Functions

Image Credits: Roger Grosse



Summary of the different models
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∝ P(y)P(f(x) |y)

exp(wc ⋅ fc(x, c))
∑c′ ∈C exp(wc′ 

⋅ fc′ 
(x, c′ ))

w ⋅ f(x)

Features Function Family Linear Parameters Loss Optimization

Multinomial 
Naive Bayes Y P(y), P(fj|y) 0-1 loss Estimate probabilities 

with counts

Logistic 
Regression Y Weights w Cross Entropy Convex

SVM Y Weights w Hinge Convex

kNN N

Neural 
Network

Learned

from input N Network 

parameters You choose!
Non-convex


Auto-differentiation 
with SGD + friends

Typically,

hand 

designed 
features
 bias rolled into weights 

No optimization of parameters 

(but there are hyperparameters)Need distance/similarity metric



Activation functions
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Activation functions

sigmoid
Advantages of ReLU?

f(z) =
1

1 + e�z
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f 0(z) = f(z)⇥ (1� f(z))
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tanh

f 0(z) = 1� f(z)2
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f(z) =
e2z � 1

e2z + 1
<latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ntnODkgzo3T4kCfyY+K/0V4NGOg=">AAACAnicbZDLSgMxGIX/qbdaq45u3QSrUBHLTDe6EQQ3LivYC7RjyaSZNjSTGZKM0A7zAm58FTcuFPEh3Pk2phdBWw8EPs5J+PMfP+ZMacf5snIrq2vrG/nNwlZxe2fX3is2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPryd584FKxSJxp0cx9ULcFyxgBGtjde2joDw+QZeoE0hMUnqfVscZOkNu9sOnhrt2yak4U6FlcOdQgrlqXfuz04tIElKhCcdKtV0n1l6KpWaE06zQSRSNMRniPm0bFDikykun22To2Dg9FETSHKHR1P39IsWhUqPQNzdDrAdqMZuY/2XtRAcXXspEnGgqyGxQkHCkIzSpBvWYpETzkQFMJDN/RWSATS/aFFgwJbiLKy9Do1pxnYp760AeDuAQyuDCOVzBDdSgDgQe4Rle4c16sl6s91ldOWve2z78kfXxDYg8mDk=</latexit><latexit sha1_base64="ntnODkgzo3T4kCfyY+K/0V4NGOg=">AAACAnicbZDLSgMxGIX/qbdaq45u3QSrUBHLTDe6EQQ3LivYC7RjyaSZNjSTGZKM0A7zAm58FTcuFPEh3Pk2phdBWw8EPs5J+PMfP+ZMacf5snIrq2vrG/nNwlZxe2fX3is2VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPryd584FKxSJxp0cx9ULcFyxgBGtjde2joDw+QZeoE0hMUnqfVscZOkNu9sOnhrt2yak4U6FlcOdQgrlqXfuz04tIElKhCcdKtV0n1l6KpWaE06zQSRSNMRniPm0bFDikykun22To2Dg9FETSHKHR1P39IsWhUqPQNzdDrAdqMZuY/2XtRAcXXspEnGgqyGxQkHCkIzSpBvWYpETzkQFMJDN/RWSATS/aFFgwJbiLKy9Do1pxnYp760AeDuAQyuDCOVzBDdSgDgQe4Rle4c16sl6s91ldOWve2z78kfXxDYg8mDk=</latexit><latexit sha1_base64="fVWwQ1I2ofWM38dTM+TFffdN8og=">AAACDXicbZC7SgNBFIbPxluMt1VLm8EoRMSwm0YbIWhjGcFcIFnD7GQ2GZy9MDMrJMu+gI2vYmOhiK29nW/jJFlBE38Y+PjPOZw5vxtxJpVlfRm5hcWl5ZX8amFtfWNzy9zeacgwFoTWSchD0XKxpJwFtK6Y4rQVCYp9l9Ome3c5rjfvqZAsDG7UMKKOj/sB8xjBSltd88ArjY7QOep4ApOE3iaVUYpOkJ3+8LHmrlm0ytZEaB7sDIqQqdY1Pzu9kMQ+DRThWMq2bUXKSbBQjHCaFjqxpBEmd7hP2xoD7FPpJJNrUnSonR7yQqFfoNDE/T2RYF/Koe/qTh+rgZytjc3/au1YeWdOwoIoVjQg00VezJEK0Tga1GOCEsWHGjARTP8VkQHWuSgdYEGHYM+ePA+NStm2yva1VaxeZHHkYQ/2oQQ2nEIVrqAGdSDwAE/wAq/Go/FsvBnv09ackc3swh8ZH98g0pmt</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit><latexit sha1_base64="G6vDyYAGjQKIG18jOKg0BSVdk0w=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmKZKYJuhKIblxXsBdpaMumZNjRzIckI7TAv4MZXceNCEbfu3fk2pu0I2vpD4OM/53ByfifkTCrL+jIyC4tLyyvZ1dza+sbmlrm9U5NBJChUacAD0XCIBM58qCqmODRCAcRzONSdwdW4Xr8HIVng36phCG2P9HzmMkqUtjrmgVsYHeEL3HIFoTHcxaVRgk+wnfzwseaOmbeK1kR4HuwU8ihVpWN+troBjTzwFeVEyqZthaodE6EY5ZDkWpGEkNAB6UFTo088kO14ck2CD7XTxW4g9PMVnri/J2LiSTn0HN3pEdWXs7Wx+V+tGSn3vB0zP4wU+HS6yI04VgEeR4O7TABVfKiBUMH0XzHtE52L0gHmdAj27MnzUCsVbato35zmy5dpHFm0h/ZRAdnoDJXRNaqgKqLoAT2hF/RqPBrPxpvxPm3NGOnMLvoj4+MbIhKZsQ==</latexit>

f(z) = max(0, z)
<latexit sha1_base64="kxOkDi9OteK9stnv3AMxRIaEm4s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCC1ISEfQiFL14rGA/oA1ls920SzebsLtR29qf4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB66jfuqVQsEnd6GFMvxD3BAkawNlLHzgfFUQldonaIH4vOCRqVOnbBKTszoGXipqQAKaod+6vdjUgSUqEJx0q1XCfW3hhLzQink1w7UTTGZIB7tGWowCFV3nh2+gQdG6WLgkiaEhrN1N8TYxwqNQx90xli3VeL3lT8z2slOrjwxkzEiaaCzBcFCUc6QtMcUJdJSjQfGoKJZOZWRPpYYqJNWjkTgrv48jKpn5Zdp+zenhUqV2kcWTiEIyiCC+dQgRuoQg0IPMAzvMKb9WS9WO/Wx7w1Y6UzB/AH1ucPEqeR7A==</latexit><latexit sha1_base64="kxOkDi9OteK9stnv3AMxRIaEm4s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCC1ISEfQiFL14rGA/oA1ls920SzebsLtR29qf4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB66jfuqVQsEnd6GFMvxD3BAkawNlLHzgfFUQldonaIH4vOCRqVOnbBKTszoGXipqQAKaod+6vdjUgSUqEJx0q1XCfW3hhLzQink1w7UTTGZIB7tGWowCFV3nh2+gQdG6WLgkiaEhrN1N8TYxwqNQx90xli3VeL3lT8z2slOrjwxkzEiaaCzBcFCUc6QtMcUJdJSjQfGoKJZOZWRPpYYqJNWjkTgrv48jKpn5Zdp+zenhUqV2kcWTiEIyiCC+dQgRuoQg0IPMAzvMKb9WS9WO/Wx7w1Y6UzB/AH1ucPEqeR7A==</latexit><latexit sha1_base64="kxOkDi9OteK9stnv3AMxRIaEm4s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCC1ISEfQiFL14rGA/oA1ls920SzebsLtR29qf4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB66jfuqVQsEnd6GFMvxD3BAkawNlLHzgfFUQldonaIH4vOCRqVOnbBKTszoGXipqQAKaod+6vdjUgSUqEJx0q1XCfW3hhLzQink1w7UTTGZIB7tGWowCFV3nh2+gQdG6WLgkiaEhrN1N8TYxwqNQx90xli3VeL3lT8z2slOrjwxkzEiaaCzBcFCUc6QtMcUJdJSjQfGoKJZOZWRPpYYqJNWjkTgrv48jKpn5Zdp+zenhUqV2kcWTiEIyiCC+dQgRuoQg0IPMAzvMKb9WS9WO/Wx7w1Y6UzB/AH1ucPEqeR7A==</latexit><latexit sha1_base64="kxOkDi9OteK9stnv3AMxRIaEm4s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCC1ISEfQiFL14rGA/oA1ls920SzebsLtR29qf4sWDIl79Jd78N27bHLT1wcDjvRlm5vkxZ0o7zreVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uB66jfuqVQsEnd6GFMvxD3BAkawNlLHzgfFUQldonaIH4vOCRqVOnbBKTszoGXipqQAKaod+6vdjUgSUqEJx0q1XCfW3hhLzQink1w7UTTGZIB7tGWowCFV3nh2+gQdG6WLgkiaEhrN1N8TYxwqNQx90xli3VeL3lT8z2slOrjwxkzEiaaCzBcFCUc6QtMcUJdJSjQfGoKJZOZWRPpYYqJNWjkTgrv48jKpn5Zdp+zenhUqV2kcWTiEIyiCC+dQgRuoQg0IPMAzvMKb9WS9WO/Wx7w1Y6UzB/AH1ucPEqeR7A==</latexit>

ReLU  
(rectified linear unit)

f 0(z) =

(
1 z > 0

0 z < 0
<latexit sha1_base64="9/X76zUp6jklbnfvYpAmK6D/r4Q=">AAACH3icbZDLSgMxFIYzXmu9VV26CRa1bsqMiLpQKbpxWcFeoFNKJj3ThmYyQ5IR2qFv4sZXceNCEXHXtzFtZ6GtBwIf/39OkvN7EWdK2/bIWlhcWl5Zzaxl1zc2t7ZzO7tVFcaSQoWGPJR1jyjgTEBFM82hHkkggceh5vXuxn7tCaRioXjU/QiaAekI5jNKtJFauXP/uDA4wdfY9aDDRELNXWqIHXyEB/gG266L7QlfGQbRThtaubxdtCeF58FJIY/SKrdy3247pHEAQlNOlGo4dqSbCZGaUQ7DrBsriAjtkQ40DAoSgGomk/2G+NAobeyH0hyh8UT9PZGQQKl+4JnOgOiumvXG4n9eI9b+ZTNhIoo1CDp9yI851iEeh4XbTALVvG+AUMnMXzHtEkmoNpFmTQjO7MrzUD0tOnbReTjLl27TODJoHx2gAnLQBSqhe1RGFUTRM3pF7+jDerHerE/ra9q6YKUze+hPWaMfrzyfEQ==</latexit><latexit sha1_base64="9/X76zUp6jklbnfvYpAmK6D/r4Q=">AAACH3icbZDLSgMxFIYzXmu9VV26CRa1bsqMiLpQKbpxWcFeoFNKJj3ThmYyQ5IR2qFv4sZXceNCEXHXtzFtZ6GtBwIf/39OkvN7EWdK2/bIWlhcWl5Zzaxl1zc2t7ZzO7tVFcaSQoWGPJR1jyjgTEBFM82hHkkggceh5vXuxn7tCaRioXjU/QiaAekI5jNKtJFauXP/uDA4wdfY9aDDRELNXWqIHXyEB/gG266L7QlfGQbRThtaubxdtCeF58FJIY/SKrdy3247pHEAQlNOlGo4dqSbCZGaUQ7DrBsriAjtkQ40DAoSgGomk/2G+NAobeyH0hyh8UT9PZGQQKl+4JnOgOiumvXG4n9eI9b+ZTNhIoo1CDp9yI851iEeh4XbTALVvG+AUMnMXzHtEkmoNpFmTQjO7MrzUD0tOnbReTjLl27TODJoHx2gAnLQBSqhe1RGFUTRM3pF7+jDerHerE/ra9q6YKUze+hPWaMfrzyfEQ==</latexit><latexit sha1_base64="9/X76zUp6jklbnfvYpAmK6D/r4Q=">AAACH3icbZDLSgMxFIYzXmu9VV26CRa1bsqMiLpQKbpxWcFeoFNKJj3ThmYyQ5IR2qFv4sZXceNCEXHXtzFtZ6GtBwIf/39OkvN7EWdK2/bIWlhcWl5Zzaxl1zc2t7ZzO7tVFcaSQoWGPJR1jyjgTEBFM82hHkkggceh5vXuxn7tCaRioXjU/QiaAekI5jNKtJFauXP/uDA4wdfY9aDDRELNXWqIHXyEB/gG266L7QlfGQbRThtaubxdtCeF58FJIY/SKrdy3247pHEAQlNOlGo4dqSbCZGaUQ7DrBsriAjtkQ40DAoSgGomk/2G+NAobeyH0hyh8UT9PZGQQKl+4JnOgOiumvXG4n9eI9b+ZTNhIoo1CDp9yI851iEeh4XbTALVvG+AUMnMXzHtEkmoNpFmTQjO7MrzUD0tOnbReTjLl27TODJoHx2gAnLQBSqhe1RGFUTRM3pF7+jDerHerE/ra9q6YKUze+hPWaMfrzyfEQ==</latexit><latexit sha1_base64="9/X76zUp6jklbnfvYpAmK6D/r4Q=">AAACH3icbZDLSgMxFIYzXmu9VV26CRa1bsqMiLpQKbpxWcFeoFNKJj3ThmYyQ5IR2qFv4sZXceNCEXHXtzFtZ6GtBwIf/39OkvN7EWdK2/bIWlhcWl5Zzaxl1zc2t7ZzO7tVFcaSQoWGPJR1jyjgTEBFM82hHkkggceh5vXuxn7tCaRioXjU/QiaAekI5jNKtJFauXP/uDA4wdfY9aDDRELNXWqIHXyEB/gG266L7QlfGQbRThtaubxdtCeF58FJIY/SKrdy3247pHEAQlNOlGo4dqSbCZGaUQ7DrBsriAjtkQ40DAoSgGomk/2G+NAobeyH0hyh8UT9PZGQQKl+4JnOgOiumvXG4n9eI9b+ZTNhIoo1CDp9yI851iEeh4XbTALVvG+AUMnMXzHtEkmoNpFmTQjO7MrzUD0tOnbReTjLl27TODJoHx2gAnLQBSqhe1RGFUTRM3pF7+jDerHerE/ra9q6YKUze+hPWaMfrzyfEQ==</latexit>
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Activation functions

Problems of ReLU? “dead neurons”

Leaky ReLU

f(z) =

(
z z � 0

0.01z z < 0
<latexit sha1_base64="hBHq/48/smLgMJ23MnABJb6l66s=">AAACJnicbVDLSgMxFM3UV62vqks3waLUTZkRQRcWim5cVrAP6JSSSe+0oZnMmGSEdujXuPFX3LioiLjzU0zbWWjrgQuHc+69yT1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbGkUKMhD2XTIwo4E1DTTHNoRhJI4HFoeIPbqd94AqlYKB70MIJ2QHqC+YwSbaROvuwXR2e4jF0Pekwk1KxSYzzCp6bcHjxiG7sutku2M9euse2C6KaNnXzBWDPgZeKkpIBSVDv5idsNaRyA0JQTpVqOHel2QqRmlMM458YKIkIHpActQwUJQLWT2ZljfGKULvZDaUpoPFN/TyQkUGoYeKYzILqvFr2p+J/XirV/1U6YiGINgs4f8mOOdYinmeEuk0A1HxpCqGTmr5j2iSRUm2RzJgRn8eRlUj8vOXbJub8oVG7SOLLoCB2jInLQJaqgO1RFNUTRM3pFE/RuvVhv1of1OW/NWOnMIfoD6/sHSVWh/Q==</latexit><latexit sha1_base64="hBHq/48/smLgMJ23MnABJb6l66s=">AAACJnicbVDLSgMxFM3UV62vqks3waLUTZkRQRcWim5cVrAP6JSSSe+0oZnMmGSEdujXuPFX3LioiLjzU0zbWWjrgQuHc+69yT1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbGkUKMhD2XTIwo4E1DTTHNoRhJI4HFoeIPbqd94AqlYKB70MIJ2QHqC+YwSbaROvuwXR2e4jF0Pekwk1KxSYzzCp6bcHjxiG7sutku2M9euse2C6KaNnXzBWDPgZeKkpIBSVDv5idsNaRyA0JQTpVqOHel2QqRmlMM458YKIkIHpActQwUJQLWT2ZljfGKULvZDaUpoPFN/TyQkUGoYeKYzILqvFr2p+J/XirV/1U6YiGINgs4f8mOOdYinmeEuk0A1HxpCqGTmr5j2iSRUm2RzJgRn8eRlUj8vOXbJub8oVG7SOLLoCB2jInLQJaqgO1RFNUTRM3pFE/RuvVhv1of1OW/NWOnMIfoD6/sHSVWh/Q==</latexit><latexit sha1_base64="hBHq/48/smLgMJ23MnABJb6l66s=">AAACJnicbVDLSgMxFM3UV62vqks3waLUTZkRQRcWim5cVrAP6JSSSe+0oZnMmGSEdujXuPFX3LioiLjzU0zbWWjrgQuHc+69yT1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbGkUKMhD2XTIwo4E1DTTHNoRhJI4HFoeIPbqd94AqlYKB70MIJ2QHqC+YwSbaROvuwXR2e4jF0Pekwk1KxSYzzCp6bcHjxiG7sutku2M9euse2C6KaNnXzBWDPgZeKkpIBSVDv5idsNaRyA0JQTpVqOHel2QqRmlMM458YKIkIHpActQwUJQLWT2ZljfGKULvZDaUpoPFN/TyQkUGoYeKYzILqvFr2p+J/XirV/1U6YiGINgs4f8mOOdYinmeEuk0A1HxpCqGTmr5j2iSRUm2RzJgRn8eRlUj8vOXbJub8oVG7SOLLoCB2jInLQJaqgO1RFNUTRM3pFE/RuvVhv1of1OW/NWOnMIfoD6/sHSVWh/Q==</latexit><latexit sha1_base64="hBHq/48/smLgMJ23MnABJb6l66s=">AAACJnicbVDLSgMxFM3UV62vqks3waLUTZkRQRcWim5cVrAP6JSSSe+0oZnMmGSEdujXuPFX3LioiLjzU0zbWWjrgQuHc+69yT1exJnStv1lZVZW19Y3spu5re2d3b38/kFdhbGkUKMhD2XTIwo4E1DTTHNoRhJI4HFoeIPbqd94AqlYKB70MIJ2QHqC+YwSbaROvuwXR2e4jF0Pekwk1KxSYzzCp6bcHjxiG7sutku2M9euse2C6KaNnXzBWDPgZeKkpIBSVDv5idsNaRyA0JQTpVqOHel2QqRmlMM458YKIkIHpActQwUJQLWT2ZljfGKULvZDaUpoPFN/TyQkUGoYeKYzILqvFr2p+J/XirV/1U6YiGINgs4f8mOOdYinmeEuk0A1HxpCqGTmr5j2iSRUm2RzJgRn8eRlUj8vOXbJub8oVG7SOLLoCB2jInLQJaqgO1RFNUTRM3pFE/RuvVhv1of1OW/NWOnMIfoD6/sHSVWh/Q==</latexit>
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What is the best activation function?

• Depends on the problem!

• ReLU/Leaky ReLU is often a good choice 

• Research into families of activation functions

 can either be constant or trainable parameterα, β

Parameteric rectified linear unit 

(PReLU)

<latexit sha1_base64="YPJuRmwBxyu8n8xc29JYRDeHgtA="></latexit>

f(↵, x) =

(
↵x for x < 0

x for x � 0

<latexit sha1_base64="i4r5X/BkfRXUB24kf/nXej0Rk9M="></latexit>

f(↵, x) =

(
↵(ex � 1) for x  0

x for x > 0

Exponential rectified linear 
unit (ELU)

Swish
<latexit sha1_base64="gDD8xibaXQwZssQxCrAV2z+4Q7c=">AAACHnicbVDLSgNBEJyNrxhfUY9eBoMQEcOuGPQiBL14jGAekI1hdtKbDJl9MDMrCct+iRd/xYsHRQRP+jdONnvQaEFDUdVNd5cTciaVaX4ZuYXFpeWV/GphbX1jc6u4vdOUQSQoNGjAA9F2iATOfGgopji0QwHEczi0nNHV1G/dg5As8G/VJISuRwY+cxklSku9YtUtjw/xBR5jW7KBR8q2A4rgVLNdQWg8TmILH2G4i48zL0l6xZJZMVPgv8TKSAllqPeKH3Y/oJEHvqKcSNmxzFB1YyIUoxySgh1JCAkdkQF0NPWJB7Ibp+8l+EArfewGQpevcKr+nIiJJ+XEc3SnR9RQzntT8T+vEyn3vBszP4wU+HS2yI04VgGeZoX7TABVfKIJoYLpWzEdEh2K0okWdAjW/Mt/SfOkYlUr5s1pqXaZxZFHe2gflZGFzlANXaM6aiCKHtATekGvxqPxbLwZ77PWnJHN7KJfMD6/AXW6oEQ=</latexit>

f(x) = x�(�x) =
x

1 + e��x


β = 0 → f(x) = x/2
β = ∞ → f(x) = ReLU

15

<latexit sha1_base64="GUh8uELOlEGy5IkjpK1QR7b6T60=">AAACHXicbVDLSgMxFM34rPVVdekmWIQWocyUoi6LblwqWBU6pWTSO21o5mFyR1qG+RE3/oobF4q4cCP+jeljoa0HEg7nnEtyjxdLodG2v62FxaXlldXcWn59Y3Nru7Cze6OjRHFo8EhG6s5jGqQIoYECJdzFCljgSbj1+ucj//YBlBZReI3DGFoB64bCF5yhkdqFmusrxlMnS6sZHdAjWnLM5SIMMAXlZ6WJP8hSV98rNKmsXG4XinbFHoPOE2dKimSKy3bh0+1EPAkgRC6Z1k3HjrGVMoWCS8jybqIhZrzPutA0NGQB6FY63i6jh0bpUD9S5oRIx+rviZQFWg8DzyQDhj09643E/7xmgv5pKxVhnCCEfPKQn0iKER1VRTtCAUc5NIRxJcxfKe8xUweaQvOmBGd25XlyU604xxX7qlasn03ryJF9ckBKxCEnpE4uyCVpEE4eyTN5JW/Wk/VivVsfk+iCNZ3ZI39gff0AACahSg==</latexit>

1

2
x+ (1 + erf(

xp
2
))



Expressiveness of neural networks

16



Why non-linearities?

What if we remove activation function?

• Neural networks can learn much more complex functions and 
nonlinear decision boundaries

The capacity of the network increases with more hidden units and more hidden layers

17



XOR problem

18



Single neuron (perceptron)

19

Perceptron can compute and and or 
<latexit sha1_base64="VbK1Vupo+Zae6il5v8I2SN+yvj0="></latexit>

y =

(
0 if w · x+ b  0

1 if w · x+ b > 0



Multiple neurons for XOR

20

<latexit sha1_base64="CA8neyCJlgJZ+OXVNrDhh1JkDWI="></latexit>

g(z) =

(
0 if z  0

1 if z > 0

h1 = g(x1 + x2)
h2 = g(x1 + x2 − 1)

y1 = g(h1 − 2h2)



Why nonlinearities

21 https://colah.github.io/posts/2014-03-NN-Manifolds-Topology/

Learn to classify whether points should belong to the blue curve or red curve

Linear decision boundary Non-linear decision boundary
 Linear decision boundary 


in transformed space



Expressiveness of neural networks

• Multilayer feed-forward neural nets with nonlinear activation 
functions are universal approximators


• True for both shallow networks (infinitely wide) and (infinitely) deep 
networks.


• Consider a network with just 1 hidden layer (with hard threshold 
activation functions) and a linear output.   By having  hidden units, 
each of which responds to just one input configuration, can model 
any boolean function with  inputs.

2D

D

22

• Deep network can provide a more compact representation



Math notation for neural networks

23



Mathematical Notations

• Input layer: x1, …, xd

• Hidden layer 2: h(2)
1 , h(2)

2 , …, h(2)
d2

· · ·<latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit>

h(2)
1 = f(W (2)

1,1 h
(1)
1 +W (2)

1,2 h
(1)
2 + . . .+W (2)

1,d1
h(1)
d1

+ b(2)1 )
<latexit sha1_base64="a67o9ygnsA1DfBnoZrjOG8wnOOw="></latexit><latexit sha1_base64="a67o9ygnsA1DfBnoZrjOG8wnOOw="></latexit><latexit sha1_base64="a67o9ygnsA1DfBnoZrjOG8wnOOw="></latexit><latexit sha1_base64="a67o9ygnsA1DfBnoZrjOG8wnOOw="></latexit>

h(2)
2 = f(W (2)

2,1 h
(1)
1 +W (2)

2,2 h
(1)
2 + . . .+W (2)

2,d1
h(1)
d1

+ b(2)2 )
<latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Qjb73Ct4Q2f2fZP+NO8a8FTJnvM=">AAACUHicbZFdS8MwFIbTTt2cU6u33gSHsKGMpjd6IwjeeDnBfcA2S5qmWzD9IEmFUfonvdIL/4qYblX34YHAe85zDid54yWcSWXbH4ZZ2dndq9b26weNw6Nj66TRl3EqCO2RmMdi6GFJOYtoTzHF6TARFIcepwPv5b7gg1cqJIujJzVP6CTE04gFjGClS64lZs9Zy2nnrgNvYdAalFnmXKG8QEgnCF7CFeD8AkeDMfdjJdc7fPdvOCsSjb2fPW3XatodexFwW6BSNEEZXdd6G/sxSUMaKcKxlCNkJ2qSYaEY4TSvj1NJE0xe8JSOtIxwSOUkW3iTwwtd8WEQC30iBRfV1YkMh1LOQ093hljN5CYriv+xUaqCm0nGoiRVNCLLRUHKoYphYTT0maBE8bkWmAim7wrJDAtMlP6OujYBbT55W/SdDrI76NEGNXAGzkELIHAN7sAD6IIeIOAdfBlVo2Z8mhWzvrTLNErfTsFamI1vSaKskA==</latexit><latexit sha1_base64="Qjb73Ct4Q2f2fZP+NO8a8FTJnvM=">AAACUHicbZFdS8MwFIbTTt2cU6u33gSHsKGMpjd6IwjeeDnBfcA2S5qmWzD9IEmFUfonvdIL/4qYblX34YHAe85zDid54yWcSWXbH4ZZ2dndq9b26weNw6Nj66TRl3EqCO2RmMdi6GFJOYtoTzHF6TARFIcepwPv5b7gg1cqJIujJzVP6CTE04gFjGClS64lZs9Zy2nnrgNvYdAalFnmXKG8QEgnCF7CFeD8AkeDMfdjJdc7fPdvOCsSjb2fPW3XatodexFwW6BSNEEZXdd6G/sxSUMaKcKxlCNkJ2qSYaEY4TSvj1NJE0xe8JSOtIxwSOUkW3iTwwtd8WEQC30iBRfV1YkMh1LOQ093hljN5CYriv+xUaqCm0nGoiRVNCLLRUHKoYphYTT0maBE8bkWmAim7wrJDAtMlP6OujYBbT55W/SdDrI76NEGNXAGzkELIHAN7sAD6IIeIOAdfBlVo2Z8mhWzvrTLNErfTsFamI1vSaKskA==</latexit><latexit sha1_base64="WdR2VpbOjV0J9tna7SL9E011jAo="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit><latexit sha1_base64="w4Ns9nbRosQqD3EzcxhGPhYI7VU="></latexit>

• Output layer: 

y = �(w(o)
1 h(2)

1 + w(o)
2 h(2)

2 + . . .+ w(o)
d2

h(2)
d2

+ b(o))
<latexit sha1_base64="bOumy7ml4JKyWoAXDVdeW0BwETI="></latexit><latexit sha1_base64="bOumy7ml4JKyWoAXDVdeW0BwETI="></latexit><latexit sha1_base64="bOumy7ml4JKyWoAXDVdeW0BwETI="></latexit><latexit sha1_base64="bOumy7ml4JKyWoAXDVdeW0BwETI="></latexit>

• Hidden layer 1: h(1)
1 , h(1)

2 , …, h(1)
d1

· · ·<latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit><latexit sha1_base64="C/ThE3LO0bsU2xdfe5suNCnJ9S4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3WehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4ArlePLw==</latexit>

<latexit sha1_base64="yXlswMz59nVDCBvLUYA2crk7rLQ="></latexit>

h(1)
2 = f(W (1)

2,1 x1 +W (1)
2,2 x2 + . . .+W (1)

2,dxd + b(1)2 )

<latexit sha1_base64="YDf/snkGThO/xZJaG0z1nwI9t7o="></latexit>

h(1)
1 = f(W (1)

1,1 x1 +W (1)
1,2 x2 + . . .+W (1)

1,dxd + b(1)1 )

24



Matrix Notations

• Input layer: 

• Hidden layer 1: 

h1 = f(W(1)x+ b(1)) 2 Rd1
<latexit sha1_base64="VM7VTSrhdxVPv8H7p1W7pTPe9Nc="></latexit><latexit sha1_base64="VM7VTSrhdxVPv8H7p1W7pTPe9Nc="></latexit><latexit sha1_base64="VM7VTSrhdxVPv8H7p1W7pTPe9Nc="></latexit><latexit sha1_base64="VM7VTSrhdxVPv8H7p1W7pTPe9Nc="></latexit>

W(2) 2 Rd2⇥d1 ,b(2) 2 Rd2
<latexit sha1_base64="Nn6kKAXiHkkWvk29ucTEHXmcjE8=">AAACQHicfVDPS8MwGE39OeevqUcvwSFMkNEOQY9DLx6nuHWw1pKm6RaWpiVJhVH6p3nxT/Dm2YsHRbx6Mtsq6CY+CDze9z2+l+cnjEplmk/GwuLS8spqaa28vrG5tV3Z2e3IOBWYtHHMYtH1kSSMctJWVDHSTQRBkc+I7Q8vxnP7jghJY36jRglxI9TnNKQYKS15FduJkBr4YWbnt1mtcZRDh3I4Ff3sWouB14COohGRMPCs/Bh+O/x/HLlXqZp1cwI4T6yCVEGBlld5dIIYpxHhCjMkZc8yE+VmSCiKGcnLTipJgvAQ9UlPU450IDebFJDDQ60EMIyFflzBifrTkaFIylHk681xTjk7G4t/zXqpCs/cjPIkVYTj6aEwZVDFcNwmDKggWLGRJggLqrNCPEACYaU7L+sSrNkvz5NOo26ZdevqpNo8L+oogX1wAGrAAqegCS5BC7QBBvfgGbyCN+PBeDHejY/p6oJRePbALxifX2aAr6o=</latexit><latexit sha1_base64="Nn6kKAXiHkkWvk29ucTEHXmcjE8=">AAACQHicfVDPS8MwGE39OeevqUcvwSFMkNEOQY9DLx6nuHWw1pKm6RaWpiVJhVH6p3nxT/Dm2YsHRbx6Mtsq6CY+CDze9z2+l+cnjEplmk/GwuLS8spqaa28vrG5tV3Z2e3IOBWYtHHMYtH1kSSMctJWVDHSTQRBkc+I7Q8vxnP7jghJY36jRglxI9TnNKQYKS15FduJkBr4YWbnt1mtcZRDh3I4Ff3sWouB14COohGRMPCs/Bh+O/x/HLlXqZp1cwI4T6yCVEGBlld5dIIYpxHhCjMkZc8yE+VmSCiKGcnLTipJgvAQ9UlPU450IDebFJDDQ60EMIyFflzBifrTkaFIylHk681xTjk7G4t/zXqpCs/cjPIkVYTj6aEwZVDFcNwmDKggWLGRJggLqrNCPEACYaU7L+sSrNkvz5NOo26ZdevqpNo8L+oogX1wAGrAAqegCS5BC7QBBvfgGbyCN+PBeDHejY/p6oJRePbALxifX2aAr6o=</latexit><latexit sha1_base64="Nn6kKAXiHkkWvk29ucTEHXmcjE8=">AAACQHicfVDPS8MwGE39OeevqUcvwSFMkNEOQY9DLx6nuHWw1pKm6RaWpiVJhVH6p3nxT/Dm2YsHRbx6Mtsq6CY+CDze9z2+l+cnjEplmk/GwuLS8spqaa28vrG5tV3Z2e3IOBWYtHHMYtH1kSSMctJWVDHSTQRBkc+I7Q8vxnP7jghJY36jRglxI9TnNKQYKS15FduJkBr4YWbnt1mtcZRDh3I4Ff3sWouB14COohGRMPCs/Bh+O/x/HLlXqZp1cwI4T6yCVEGBlld5dIIYpxHhCjMkZc8yE+VmSCiKGcnLTipJgvAQ9UlPU450IDebFJDDQ60EMIyFflzBifrTkaFIylHk681xTjk7G4t/zXqpCs/cjPIkVYTj6aEwZVDFcNwmDKggWLGRJggLqrNCPEACYaU7L+sSrNkvz5NOo26ZdevqpNo8L+oogX1wAGrAAqegCS5BC7QBBvfgGbyCN+PBeDHejY/p6oJRePbALxifX2aAr6o=</latexit><latexit sha1_base64="Nn6kKAXiHkkWvk29ucTEHXmcjE8=">AAACQHicfVDPS8MwGE39OeevqUcvwSFMkNEOQY9DLx6nuHWw1pKm6RaWpiVJhVH6p3nxT/Dm2YsHRbx6Mtsq6CY+CDze9z2+l+cnjEplmk/GwuLS8spqaa28vrG5tV3Z2e3IOBWYtHHMYtH1kSSMctJWVDHSTQRBkc+I7Q8vxnP7jghJY36jRglxI9TnNKQYKS15FduJkBr4YWbnt1mtcZRDh3I4Ff3sWouB14COohGRMPCs/Bh+O/x/HLlXqZp1cwI4T6yCVEGBlld5dIIYpxHhCjMkZc8yE+VmSCiKGcnLTipJgvAQ9UlPU450IDebFJDDQ60EMIyFflzBifrTkaFIylHk681xTjk7G4t/zXqpCs/cjPIkVYTj6aEwZVDFcNwmDKggWLGRJggLqrNCPEACYaU7L+sSrNkvz5NOo26ZdevqpNo8L+oogX1wAGrAAqegCS5BC7QBBvfgGbyCN+PBeDHejY/p6oJRePbALxifX2aAr6o=</latexit>

• Hidden layer 2: 

h2 = f(W(2)h1 + b(2)) 2 Rd2
<latexit sha1_base64="ti/zp5Hv7rAiTgW9sNoVe9BBYoI="></latexit><latexit sha1_base64="ti/zp5Hv7rAiTgW9sNoVe9BBYoI="></latexit><latexit sha1_base64="ti/zp5Hv7rAiTgW9sNoVe9BBYoI="></latexit><latexit sha1_base64="ti/zp5Hv7rAiTgW9sNoVe9BBYoI="></latexit>

• Output layer:

y = �(w(o) · h2 + b(o))
<latexit sha1_base64="xwf5NTK8Os9frFEQg9QWL1GKg9Q=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtQkmKoC6EohuXFewDmlgm00k7dJIJMxOlhHyLG3/FjQtFXQl+jJM2grYeuHA4517uvceLGJXKsj6NhcWl5ZXVwlpxfWNza9vc2W1JHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9kaXmd++I0JSHt6ocUTcAA1C6lOMlJZ65tkYnkNH0kGAyk6A1NDzk/v0NinzSgod3OcK/sjDtFeDR9CbmpWeWbKq1gRwntg5KYEcjZ757vQ5jgMSKsyQlF3bipSbIKEoZiQtOrEkEcIjNCBdTUMUEOkmkxdTeKiVPvS50BUqOFF/TyQokHIceLozO1fOepn4n9eNlX/qJjSMYkVCPF3kxwwqDrO8YJ8KghUba4KwoPpWiIdIIKx0qkUdgj378jxp1aq2VbWvj0v1izyOAtgHB6AMbHAC6uAKNEATYPAAnsALeDUejWfjzfiYti4Y+cwe+APj6xs+HKLU</latexit><latexit sha1_base64="xwf5NTK8Os9frFEQg9QWL1GKg9Q=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtQkmKoC6EohuXFewDmlgm00k7dJIJMxOlhHyLG3/FjQtFXQl+jJM2grYeuHA4517uvceLGJXKsj6NhcWl5ZXVwlpxfWNza9vc2W1JHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9kaXmd++I0JSHt6ocUTcAA1C6lOMlJZ65tkYnkNH0kGAyk6A1NDzk/v0NinzSgod3OcK/sjDtFeDR9CbmpWeWbKq1gRwntg5KYEcjZ757vQ5jgMSKsyQlF3bipSbIKEoZiQtOrEkEcIjNCBdTUMUEOkmkxdTeKiVPvS50BUqOFF/TyQokHIceLozO1fOepn4n9eNlX/qJjSMYkVCPF3kxwwqDrO8YJ8KghUba4KwoPpWiIdIIKx0qkUdgj378jxp1aq2VbWvj0v1izyOAtgHB6AMbHAC6uAKNEATYPAAnsALeDUejWfjzfiYti4Y+cwe+APj6xs+HKLU</latexit><latexit sha1_base64="xwf5NTK8Os9frFEQg9QWL1GKg9Q=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtQkmKoC6EohuXFewDmlgm00k7dJIJMxOlhHyLG3/FjQtFXQl+jJM2grYeuHA4517uvceLGJXKsj6NhcWl5ZXVwlpxfWNza9vc2W1JHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9kaXmd++I0JSHt6ocUTcAA1C6lOMlJZ65tkYnkNH0kGAyk6A1NDzk/v0NinzSgod3OcK/sjDtFeDR9CbmpWeWbKq1gRwntg5KYEcjZ757vQ5jgMSKsyQlF3bipSbIKEoZiQtOrEkEcIjNCBdTUMUEOkmkxdTeKiVPvS50BUqOFF/TyQokHIceLozO1fOepn4n9eNlX/qJjSMYkVCPF3kxwwqDrO8YJ8KghUba4KwoPpWiIdIIKx0qkUdgj378jxp1aq2VbWvj0v1izyOAtgHB6AMbHAC6uAKNEATYPAAnsALeDUejWfjzfiYti4Y+cwe+APj6xs+HKLU</latexit><latexit sha1_base64="xwf5NTK8Os9frFEQg9QWL1GKg9Q=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtQkmKoC6EohuXFewDmlgm00k7dJIJMxOlhHyLG3/FjQtFXQl+jJM2grYeuHA4517uvceLGJXKsj6NhcWl5ZXVwlpxfWNza9vc2W1JHgtMmpgzLjoekoTRkDQVVYx0IkFQ4DHS9kaXmd++I0JSHt6ocUTcAA1C6lOMlJZ65tkYnkNH0kGAyk6A1NDzk/v0NinzSgod3OcK/sjDtFeDR9CbmpWeWbKq1gRwntg5KYEcjZ757vQ5jgMSKsyQlF3bipSbIKEoZiQtOrEkEcIjNCBdTUMUEOkmkxdTeKiVPvS50BUqOFF/TyQokHIceLozO1fOepn4n9eNlX/qJjSMYkVCPF3kxwwqDrO8YJ8KghUba4KwoPpWiIdIIKx0qkUdgj378jxp1aq2VbWvj0v1izyOAtgHB6AMbHAC6uAKNEATYPAAnsALeDUejWfjzfiYti4Y+cwe+APj6xs+HKLU</latexit> Note: f is applied element-wise

f([z1, z2, z3]) = [f(z1), f(z2), f(z3)]
<latexit sha1_base64="nb0Ya5OXLynEy63m+VxQ8PVH0Sw=">AAACFnicbVDLSgMxFM34rPU16tJNsAgt1DLTCroRim5cVrAPmA5DJs20oZnMkGSEtvQr3Pgrblwo4lbc+Tdm2llo64HkHs65l+QeP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eJP67QciJI34vRrFxA1Rn9OAYqS05JlnQdEZe3YZjr1qetXcEryCTlDUYqkM01rNaq3kembBqlgzwGViZ6QAMjQ886vbi3ASEq4wQ1I6thUrd4KEopiRab6bSBIjPER94mjKUUikO5mtNYWnWunBIBL6cAVn6u+JCQqlHIW+7gyRGshFLxX/85xEBZfuhPI4UYTj+UNBwqCKYJoR7FFBsGIjTRAWVP8V4gESCCudZF6HYC+uvExa1YptVey780L9OosjB47BCSgCG1yAOrgFDdAEGDyCZ/AK3own48V4Nz7mrStGNnME/sD4/AGnpJqo</latexit><latexit sha1_base64="nb0Ya5OXLynEy63m+VxQ8PVH0Sw=">AAACFnicbVDLSgMxFM34rPU16tJNsAgt1DLTCroRim5cVrAPmA5DJs20oZnMkGSEtvQr3Pgrblwo4lbc+Tdm2llo64HkHs65l+QeP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eJP67QciJI34vRrFxA1Rn9OAYqS05JlnQdEZe3YZjr1qetXcEryCTlDUYqkM01rNaq3kembBqlgzwGViZ6QAMjQ886vbi3ASEq4wQ1I6thUrd4KEopiRab6bSBIjPER94mjKUUikO5mtNYWnWunBIBL6cAVn6u+JCQqlHIW+7gyRGshFLxX/85xEBZfuhPI4UYTj+UNBwqCKYJoR7FFBsGIjTRAWVP8V4gESCCudZF6HYC+uvExa1YptVey780L9OosjB47BCSgCG1yAOrgFDdAEGDyCZ/AK3own48V4Nz7mrStGNnME/sD4/AGnpJqo</latexit><latexit sha1_base64="nb0Ya5OXLynEy63m+VxQ8PVH0Sw=">AAACFnicbVDLSgMxFM34rPU16tJNsAgt1DLTCroRim5cVrAPmA5DJs20oZnMkGSEtvQr3Pgrblwo4lbc+Tdm2llo64HkHs65l+QeP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eJP67QciJI34vRrFxA1Rn9OAYqS05JlnQdEZe3YZjr1qetXcEryCTlDUYqkM01rNaq3kembBqlgzwGViZ6QAMjQ886vbi3ASEq4wQ1I6thUrd4KEopiRab6bSBIjPER94mjKUUikO5mtNYWnWunBIBL6cAVn6u+JCQqlHIW+7gyRGshFLxX/85xEBZfuhPI4UYTj+UNBwqCKYJoR7FFBsGIjTRAWVP8V4gESCCudZF6HYC+uvExa1YptVey780L9OosjB47BCSgCG1yAOrgFDdAEGDyCZ/AK3own48V4Nz7mrStGNnME/sD4/AGnpJqo</latexit><latexit sha1_base64="nb0Ya5OXLynEy63m+VxQ8PVH0Sw=">AAACFnicbVDLSgMxFM34rPU16tJNsAgt1DLTCroRim5cVrAPmA5DJs20oZnMkGSEtvQr3Pgrblwo4lbc+Tdm2llo64HkHs65l+QeP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eJP67QciJI34vRrFxA1Rn9OAYqS05JlnQdEZe3YZjr1qetXcEryCTlDUYqkM01rNaq3kembBqlgzwGViZ6QAMjQ886vbi3ASEq4wQ1I6thUrd4KEopiRab6bSBIjPER94mjKUUikO5mtNYWnWunBIBL6cAVn6u+JCQqlHIW+7gyRGshFLxX/85xEBZfuhPI4UYTj+UNBwqCKYJoR7FFBsGIjTRAWVP8V4gESCCudZF6HYC+uvExa1YptVey780L9OosjB47BCSgCG1yAOrgFDdAEGDyCZ/AK3own48V4Nz7mrStGNnME/sD4/AGnpJqo</latexit>

x 2 Rd
<latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit>

W(1) 2 Rd1⇥d,b(1) 2 Rd1
<latexit sha1_base64="Av+k0GGeUMcXk+fjFFEBVogb7nE=">AAACPnicfVDPS8MwGE3nrzl/TT16CQ5hgoxWBD14GHjxOMVug7WWNE23sDQtSSqM0r/Mi3+DN49ePCji1aPpNkE38UHg8d77yPc9P2FUKtN8MkoLi0vLK+XVytr6xuZWdXunLeNUYGLjmMWi6yNJGOXEVlQx0k0EQZHPSMcfXhR+544ISWN+o0YJcSPU5zSkGCkteVXbiZAa+GHWyW+zunWYQ4dyOBH97FqLgWdBR9GISBjkR/A77/+Tz71qzWyYY8B5Yk1JDUzR8qqPThDjNCJcYYak7FlmotwMCUUxI3nFSSVJEB6iPulpypFex83G5+fwQCsBDGOhH1dwrP6cyFAk5SjydbLYU856hfiX10tVeOZmlCepIhxPPgpTBlUMiy5hQAXBio00QVhQvSvEAyQQVrrxii7Bmj15nrSPG5bZsK5Oas3zaR1lsAf2QR1Y4BQ0wSVoARtgcA+ewSt4Mx6MF+Pd+JhES8Z0Zhf8gvH5BQCyrvw=</latexit><latexit sha1_base64="Av+k0GGeUMcXk+fjFFEBVogb7nE=">AAACPnicfVDPS8MwGE3nrzl/TT16CQ5hgoxWBD14GHjxOMVug7WWNE23sDQtSSqM0r/Mi3+DN49ePCji1aPpNkE38UHg8d77yPc9P2FUKtN8MkoLi0vLK+XVytr6xuZWdXunLeNUYGLjmMWi6yNJGOXEVlQx0k0EQZHPSMcfXhR+544ISWN+o0YJcSPU5zSkGCkteVXbiZAa+GHWyW+zunWYQ4dyOBH97FqLgWdBR9GISBjkR/A77/+Tz71qzWyYY8B5Yk1JDUzR8qqPThDjNCJcYYak7FlmotwMCUUxI3nFSSVJEB6iPulpypFex83G5+fwQCsBDGOhH1dwrP6cyFAk5SjydbLYU856hfiX10tVeOZmlCepIhxPPgpTBlUMiy5hQAXBio00QVhQvSvEAyQQVrrxii7Bmj15nrSPG5bZsK5Oas3zaR1lsAf2QR1Y4BQ0wSVoARtgcA+ewSt4Mx6MF+Pd+JhES8Z0Zhf8gvH5BQCyrvw=</latexit><latexit sha1_base64="Av+k0GGeUMcXk+fjFFEBVogb7nE=">AAACPnicfVDPS8MwGE3nrzl/TT16CQ5hgoxWBD14GHjxOMVug7WWNE23sDQtSSqM0r/Mi3+DN49ePCji1aPpNkE38UHg8d77yPc9P2FUKtN8MkoLi0vLK+XVytr6xuZWdXunLeNUYGLjmMWi6yNJGOXEVlQx0k0EQZHPSMcfXhR+544ISWN+o0YJcSPU5zSkGCkteVXbiZAa+GHWyW+zunWYQ4dyOBH97FqLgWdBR9GISBjkR/A77/+Tz71qzWyYY8B5Yk1JDUzR8qqPThDjNCJcYYak7FlmotwMCUUxI3nFSSVJEB6iPulpypFex83G5+fwQCsBDGOhH1dwrP6cyFAk5SjydbLYU856hfiX10tVeOZmlCepIhxPPgpTBlUMiy5hQAXBio00QVhQvSvEAyQQVrrxii7Bmj15nrSPG5bZsK5Oas3zaR1lsAf2QR1Y4BQ0wSVoARtgcA+ewSt4Mx6MF+Pd+JhES8Z0Zhf8gvH5BQCyrvw=</latexit><latexit sha1_base64="Av+k0GGeUMcXk+fjFFEBVogb7nE=">AAACPnicfVDPS8MwGE3nrzl/TT16CQ5hgoxWBD14GHjxOMVug7WWNE23sDQtSSqM0r/Mi3+DN49ePCji1aPpNkE38UHg8d77yPc9P2FUKtN8MkoLi0vLK+XVytr6xuZWdXunLeNUYGLjmMWi6yNJGOXEVlQx0k0EQZHPSMcfXhR+544ISWN+o0YJcSPU5zSkGCkteVXbiZAa+GHWyW+zunWYQ4dyOBH97FqLgWdBR9GISBjkR/A77/+Tz71qzWyYY8B5Yk1JDUzR8qqPThDjNCJcYYak7FlmotwMCUUxI3nFSSVJEB6iPulpypFex83G5+fwQCsBDGOhH1dwrP6cyFAk5SjydbLYU856hfiX10tVeOZmlCepIhxPPgpTBlUMiy5hQAXBio00QVhQvSvEAyQQVrrxii7Bmj15nrSPG5bZsK5Oas3zaR1lsAf2QR1Y4BQ0wSVoARtgcA+ewSt4Mx6MF+Pd+JhES8Z0Zhf8gvH5BQCyrvw=</latexit>
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26

x 2 Rd
<latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit>

Input Output

• Learn parameters ✓ = {W(1),b(1),W(2),b(2),w(o), b(o)}
<latexit sha1_base64="80hiwkos5ckF2sLXO4G6OjDxjMw=">AAACV3icbZFdS8MwFIbTbuqcX1MvvQkOQUFGK4LeCENvvJzgPmCtI81SF0zTkpwqo/RPijf7K95ouk3Q1QOBl+e8h5y8CRLBNTjOzLIr1bX1jdpmfWt7Z3evsX/Q03GqKOvSWMRqEBDNBJesCxwEGySKkSgQrB+83BX9/itTmsfyEaYJ8yPyLHnIKQGDRg3pwYQBwTfYy7yIwCQIs37+lJ26Z/k5/iFBicw9FyXPH/JWkLggwUJ4+ajRdFrOvHBZuEvRRMvqjBrv3jimacQkUEG0HrpOAn5GFHAqWF73Us0SQl/IMxsaKUnEtJ/Nc8nxiSFjHMbKHAl4Tn9PZCTSehoFxlmsrFd7BfyvN0whvPYzLpMUmKSLi8JUYIhxETIec8UoiKkRhCpudsV0QhShYL6ibkJwV59cFr2Lluu03IfLZvt2GUcNHaFjdIpcdIXa6B51UBdR9IE+rYpVtWbWl71u1xZW21rOHKI/Ze9/AyNuss4=</latexit><latexit sha1_base64="80hiwkos5ckF2sLXO4G6OjDxjMw=">AAACV3icbZFdS8MwFIbTbuqcX1MvvQkOQUFGK4LeCENvvJzgPmCtI81SF0zTkpwqo/RPijf7K95ouk3Q1QOBl+e8h5y8CRLBNTjOzLIr1bX1jdpmfWt7Z3evsX/Q03GqKOvSWMRqEBDNBJesCxwEGySKkSgQrB+83BX9/itTmsfyEaYJ8yPyLHnIKQGDRg3pwYQBwTfYy7yIwCQIs37+lJ26Z/k5/iFBicw9FyXPH/JWkLggwUJ4+ajRdFrOvHBZuEvRRMvqjBrv3jimacQkUEG0HrpOAn5GFHAqWF73Us0SQl/IMxsaKUnEtJ/Nc8nxiSFjHMbKHAl4Tn9PZCTSehoFxlmsrFd7BfyvN0whvPYzLpMUmKSLi8JUYIhxETIec8UoiKkRhCpudsV0QhShYL6ibkJwV59cFr2Lluu03IfLZvt2GUcNHaFjdIpcdIXa6B51UBdR9IE+rYpVtWbWl71u1xZW21rOHKI/Ze9/AyNuss4=</latexit><latexit sha1_base64="80hiwkos5ckF2sLXO4G6OjDxjMw=">AAACV3icbZFdS8MwFIbTbuqcX1MvvQkOQUFGK4LeCENvvJzgPmCtI81SF0zTkpwqo/RPijf7K95ouk3Q1QOBl+e8h5y8CRLBNTjOzLIr1bX1jdpmfWt7Z3evsX/Q03GqKOvSWMRqEBDNBJesCxwEGySKkSgQrB+83BX9/itTmsfyEaYJ8yPyLHnIKQGDRg3pwYQBwTfYy7yIwCQIs37+lJ26Z/k5/iFBicw9FyXPH/JWkLggwUJ4+ajRdFrOvHBZuEvRRMvqjBrv3jimacQkUEG0HrpOAn5GFHAqWF73Us0SQl/IMxsaKUnEtJ/Nc8nxiSFjHMbKHAl4Tn9PZCTSehoFxlmsrFd7BfyvN0whvPYzLpMUmKSLi8JUYIhxETIec8UoiKkRhCpudsV0QhShYL6ibkJwV59cFr2Lluu03IfLZvt2GUcNHaFjdIpcdIXa6B51UBdR9IE+rYpVtWbWl71u1xZW21rOHKI/Ze9/AyNuss4=</latexit><latexit sha1_base64="80hiwkos5ckF2sLXO4G6OjDxjMw=">AAACV3icbZFdS8MwFIbTbuqcX1MvvQkOQUFGK4LeCENvvJzgPmCtI81SF0zTkpwqo/RPijf7K95ouk3Q1QOBl+e8h5y8CRLBNTjOzLIr1bX1jdpmfWt7Z3evsX/Q03GqKOvSWMRqEBDNBJesCxwEGySKkSgQrB+83BX9/itTmsfyEaYJ8yPyLHnIKQGDRg3pwYQBwTfYy7yIwCQIs37+lJ26Z/k5/iFBicw9FyXPH/JWkLggwUJ4+ajRdFrOvHBZuEvRRMvqjBrv3jimacQkUEG0HrpOAn5GFHAqWF73Us0SQl/IMxsaKUnEtJ/Nc8nxiSFjHMbKHAl4Tn9PZCTSehoFxlmsrFd7BfyvN0whvPYzLpMUmKSLi8JUYIhxETIec8UoiKkRhCpudsV0QhShYL6ibkJwV59cFr2Lluu03IfLZvt2GUcNHaFjdIpcdIXa6B51UBdR9IE+rYpVtWbWl71u1xZW21rOHKI/Ze9/AyNuss4=</latexit>

<latexit sha1_base64="0gz88APMXHPD9OESneWedLqussc=">AAACF3icbVDLSsNAFJ34rPVVdelmsAi6KYmIuvAFblyqWFtoYplMJjp0MgkzN0IJ+QsR/BU3Ij5wqzu/wx9w2rhQ64ELh3Pu5d57/ERwDbb9YQ0Nj4yOjZcmypNT0zOzlbn5Mx2nirI6jUWsmj7RTHDJ6sBBsGaiGIl8wRp+56DnN66Y0jyWp9BNmBeRC8lDTgkYqV2puRGBSz/MGvl5tuKs5tjlEhein50YMWg72AUeMY2DvF2p2jW7DzxInG9S3ft8gN2bneejduXdDWKaRkwCFUTrlmMn4GVEAaeC5WU31SwhtEMuWMtQScweL+v/leNlowQ4jJUpCbiv/pzISKR1N/JNZ+9g/dfrif95rRTCLS/jMkmBSVosClOBIca9kHDAFaMguoYQqri5FdNLoggFE2XZhOD8fXmQnK3VnI3a+rFd3d9GBUpoES2hFeSgTbSPDtERqiOKrtEdekRP1q11b71Yr0XrkPU9s4B+wXr7AgO4o5s=</latexit>

W(1) 2 Rd1⇥d
<latexit sha1_base64="QgHquth6yO7g22tcetBWsGXk9aA=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEYhN2RdTCS8DGMoq5QLIus5PZZMjs7DIzK4Rln8DGyvewsVBELARrO5/DF3A2SaGJPwz8fOcc5pzfDRmVyjS/jMzM7Nz8QnYxt7S8srqWX9+oyyASmNRwwALRdJEkjHJSU1Qx0gwFQb7LSMPtn6X1xg0Rkgb8Sg1CYvuoy6lHMVIaOfli20eq53qxm1zHJWsngW3K4Qi68aWGHcdKnHzBLJtDwWljjU3h9PtNndwfv1ed/Ge7E+DIJ1xhhqRsWWao7BgJRTEjSa4dSRIi3Edd0tKWI59IOx6ek8CiJh3oBUI/ruCQ/p6IkS/lwHd1Z7qnnKyl8L9aK1LeoR1THkaKcDz6yIsYVAFMs4EdKghWbKANwoLqXSHuIYGw0gnmdAjW5MnTpr5btvbLexdmoXIERsqCLbANSsACB6ACzkEV1AAGt+ABPIFn4854NF6M11FrxhjPbII/Mj5+AH7XoCo=</latexit>

b(1) 2 Rd1

<latexit sha1_base64="SRTUR8r3Sy7W1YtjqUr102ylxUI="></latexit>

h(1) = tanh(W(1)x+ b(1))
<latexit sha1_base64="irtFVMvTfGN3YvYKHEA6HK2ferc="></latexit>

h(2) = tanh(W(2)h(1) + b(2))
<latexit sha1_base64="9I8t79sYT5d70QJap3gG8m4uWyU=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQyB2ITdIGrhJWBjGcVcIFmX2clsMmR2dpmZFcKyT2Bj5XvYWCgiFoK1nc/hCzi5FJr4w8DPd85hzvm9iFGpLOvLmJmdm19YzCxll1dW19bNjc2aDGOBSRWHLBQND0nCKCdVRRUjjUgQFHiM1L3e2aBevyFC0pBfqX5EnAB1OPUpRkoj18y3AqS6np946XVSKO2msEU5HEEvudSw7ZZS18xZRWsoOG3sscmdfr+pk/vj94prfrbaIY4DwhVmSMqmbUXKSZBQFDOSZluxJBHCPdQhTW05Coh0kuE5Kcxr0oZ+KPTjCg7p74kEBVL2A093DvaUk7UB/K/WjJV/6CSUR7EiHI8+8mMGVQgH2cA2FQQr1tcGYUH1rhB3kUBY6QSzOgR78uRpUysV7f3i3oWVKx+BkTJgG+yAArDBASiDc1ABVYDBLXgAT+DZuDMejRfjddQ6Y4xntsAfGR8/gfegLA==</latexit>

b(2) 2 Rd2
<latexit sha1_base64="VNZqcYTQOLvxwDSDtZr4doj9KsA="></latexit>

W(2) 2 Rd2⇥d1

<latexit sha1_base64="e+dSCgIdYZ0r/SoSH+vcacyeN2o=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCKkuVIAQMPCqxMBZEH1ITKsd1W6uOE9kOUhUy8BN8AAsDCLEyMvADbHwHP4DTdoCWI1k6Oude3ePjhYxKZVlfRmZqemZ2LjufW1hcWl4xV9eqMogEJhUcsEDUPSQJo5xUFFWM1ENBkO8xUvN6Z6lfuyFC0oBfqX5IXB91OG1TjJSWmuaGdx0Xgp0EOpRDx0eq63nxZdI081bRGgBOEntE8qff7+rk/vij3DQ/nVaAI59whRmSsmFboXJjJBTFjCQ5J5IkRLiHOqShKUc+kW48yJ/Aba20YDsQ+nEFB+rvjRj5UvZ9T0+mCeW4l4r/eY1ItQ/dmPIwUoTj4aF2xKAKYFoGbFFBsGJ9TRAWVGeFuIsEwkpXltMl2ONfniTV3aK9X9y7sPKlIzBEFmyCLVAANjgAJXAOyqACMLgFD+AJPBt3xqPxYrwORzPGaGcd/IHx9gPVIpnC</latexit>

b(o) 2 R

<latexit sha1_base64="Pxmha19eaTXPM6LP1MufJIpVKHg=">AAACDnicbZC7SgNBFIZn4y3GW9TSZjAEYhN2g6iFl4CNZRRzgWQNs5PZZMjs7DIzq4Rln8DGyvewsVBELARrO5/DF3CSTaGJPwz8fOcc5pzfCRiVyjS/jNTM7Nz8Qnoxs7S8srqWXd+oST8UmFSxz3zRcJAkjHJSVVQx0ggEQZ7DSN3pnw7r9WsiJPX5pRoExPZQl1OXYqQ0amfzLQ+pnuNGN/FVVPB3YtiiHCbQiS407LRLcTubM4vmSHDaWGOTO/l+U8f3R++Vdvaz1fFx6BGuMENSNi0zUHaEhKKYkTjTCiUJEO6jLmlqy5FHpB2NzolhXpMOdH2hH1dwRH9PRMiTcuA5unO4p5ysDeF/tWao3AM7ojwIFeE4+cgNGVQ+HGYDO1QQrNhAG4QF1btC3EMCYaUTzOgQrMmTp02tVLT2irvnZq58CBKlwRbYBgVggX1QBmegAqoAg1vwAJ7As3FnPBovxmvSmjLGM5vgj4yPHwYVoH4=</latexit>

w(o) 2 Rd2

<latexit sha1_base64="To0vQVkT+0dQdve6SBYL2lCXlls="></latexit>

y = �(w(o)|h(o) + b(o))
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h1 = tanh(W1x+ b1)
<latexit sha1_base64="tJT8ci0MBQZl4hoeA/0XzNX9tv4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0WoCCURQRcVCm5cVrAPaEOYTCft0MkkzEzEEvIzbvwVNy4sIrjyV5y0qWjrgYFzz7mXufd4EaNSWdanUVhZXVvfKG6WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RTea3H4iQNOT3ahwRJ0ADTn2KkdKSa9Z6AVJDz0+GqWvDa9hTiA8rc7GdifPiMYVnP4WnnVPXLFtVawq4TOyclEGOhmtOev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuphwFRDrJ9MoUnmilD/1Q6McVnKq/JxIUSDkOPN2ZLSkXvUz8z+vGyr9yEsqjWBGOZx/5MYMqhFlksE8FwYqNNUFYUL0rxEMkEFY62JIOwV48eZm0zqu2VbXvLsr1Wh5HERyBY1ABNrgEdXALGqAJMHgCL+ANTIxn49V4Nz5mrQUjnzkEf2B8fQO8cKS+</latexit><latexit sha1_base64="tJT8ci0MBQZl4hoeA/0XzNX9tv4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0WoCCURQRcVCm5cVrAPaEOYTCft0MkkzEzEEvIzbvwVNy4sIrjyV5y0qWjrgYFzz7mXufd4EaNSWdanUVhZXVvfKG6WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RTea3H4iQNOT3ahwRJ0ADTn2KkdKSa9Z6AVJDz0+GqWvDa9hTiA8rc7GdifPiMYVnP4WnnVPXLFtVawq4TOyclEGOhmtOev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuphwFRDrJ9MoUnmilD/1Q6McVnKq/JxIUSDkOPN2ZLSkXvUz8z+vGyr9yEsqjWBGOZx/5MYMqhFlksE8FwYqNNUFYUL0rxEMkEFY62JIOwV48eZm0zqu2VbXvLsr1Wh5HERyBY1ABNrgEdXALGqAJMHgCL+ANTIxn49V4Nz5mrQUjnzkEf2B8fQO8cKS+</latexit><latexit sha1_base64="tJT8ci0MBQZl4hoeA/0XzNX9tv4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0WoCCURQRcVCm5cVrAPaEOYTCft0MkkzEzEEvIzbvwVNy4sIrjyV5y0qWjrgYFzz7mXufd4EaNSWdanUVhZXVvfKG6WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RTea3H4iQNOT3ahwRJ0ADTn2KkdKSa9Z6AVJDz0+GqWvDa9hTiA8rc7GdifPiMYVnP4WnnVPXLFtVawq4TOyclEGOhmtOev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuphwFRDrJ9MoUnmilD/1Q6McVnKq/JxIUSDkOPN2ZLSkXvUz8z+vGyr9yEsqjWBGOZx/5MYMqhFlksE8FwYqNNUFYUL0rxEMkEFY62JIOwV48eZm0zqu2VbXvLsr1Wh5HERyBY1ABNrgEdXALGqAJMHgCL+ANTIxn49V4Nz5mrQUjnzkEf2B8fQO8cKS+</latexit><latexit sha1_base64="tJT8ci0MBQZl4hoeA/0XzNX9tv4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0WoCCURQRcVCm5cVrAPaEOYTCft0MkkzEzEEvIzbvwVNy4sIrjyV5y0qWjrgYFzz7mXufd4EaNSWdanUVhZXVvfKG6WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3RTea3H4iQNOT3ahwRJ0ADTn2KkdKSa9Z6AVJDz0+GqWvDa9hTiA8rc7GdifPiMYVnP4WnnVPXLFtVawq4TOyclEGOhmtOev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuphwFRDrJ9MoUnmilD/1Q6McVnKq/JxIUSDkOPN2ZLSkXvUz8z+vGyr9yEsqjWBGOZx/5MYMqhFlksE8FwYqNNUFYUL0rxEMkEFY62JIOwV48eZm0zqu2VbXvLsr1Wh5HERyBY1ABNrgEdXALGqAJMHgCL+ANTIxn49V4Nz5mrQUjnzkEf2B8fQO8cKS+</latexit>

h2 = tanh(W2h1 + b2)
<latexit sha1_base64="6qo1Sk9pMYMRHaF55H3jONO0Lxc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WoCCUpgi5UCm5cVrAPaEKYTCft0MkkzEyEEvo3bvwVN4KK6NI/cdJGqa0HBs6ccy/33uPHjEplWZ9GYWl5ZXWtuF7a2Nza3jF391oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9ofXmd++J0LSiN+pUUzcEPU5DShGSkueeeWESA38IB2MvRq8hI5CfFD5EduZOFNhw5Pfr6+9Y88sW1VrArhI7JyUQY6GZ744vQgnIeEKMyRl17Zi5aZIKIoZGZecRJIY4SHqk66mHIVEuunkzjE80koPBpHQjys4UWc7UhRKOQp9XZktKee9TPzP6yYqOHdTyuNEEY6ng4KEQRXBLDTYo4JgxUaaICyo3hXiARIIKx1tSYdgz5+8SFq1qm1V7dvTcv0ij6MIDsAhqAAbnIE6uAEN0AQYPIAn8ArejEfj2Xg3PqalBSPv2Qd/YHx9A/dopVU=</latexit><latexit sha1_base64="6qo1Sk9pMYMRHaF55H3jONO0Lxc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WoCCUpgi5UCm5cVrAPaEKYTCft0MkkzEyEEvo3bvwVN4KK6NI/cdJGqa0HBs6ccy/33uPHjEplWZ9GYWl5ZXWtuF7a2Nza3jF391oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9ofXmd++J0LSiN+pUUzcEPU5DShGSkueeeWESA38IB2MvRq8hI5CfFD5EduZOFNhw5Pfr6+9Y88sW1VrArhI7JyUQY6GZ744vQgnIeEKMyRl17Zi5aZIKIoZGZecRJIY4SHqk66mHIVEuunkzjE80koPBpHQjys4UWc7UhRKOQp9XZktKee9TPzP6yYqOHdTyuNEEY6ng4KEQRXBLDTYo4JgxUaaICyo3hXiARIIKx1tSYdgz5+8SFq1qm1V7dvTcv0ij6MIDsAhqAAbnIE6uAEN0AQYPIAn8ArejEfj2Xg3PqalBSPv2Qd/YHx9A/dopVU=</latexit><latexit sha1_base64="6qo1Sk9pMYMRHaF55H3jONO0Lxc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WoCCUpgi5UCm5cVrAPaEKYTCft0MkkzEyEEvo3bvwVN4KK6NI/cdJGqa0HBs6ccy/33uPHjEplWZ9GYWl5ZXWtuF7a2Nza3jF391oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9ofXmd++J0LSiN+pUUzcEPU5DShGSkueeeWESA38IB2MvRq8hI5CfFD5EduZOFNhw5Pfr6+9Y88sW1VrArhI7JyUQY6GZ744vQgnIeEKMyRl17Zi5aZIKIoZGZecRJIY4SHqk66mHIVEuunkzjE80koPBpHQjys4UWc7UhRKOQp9XZktKee9TPzP6yYqOHdTyuNEEY6ng4KEQRXBLDTYo4JgxUaaICyo3hXiARIIKx1tSYdgz5+8SFq1qm1V7dvTcv0ij6MIDsAhqAAbnIE6uAEN0AQYPIAn8ArejEfj2Xg3PqalBSPv2Qd/YHx9A/dopVU=</latexit><latexit sha1_base64="6qo1Sk9pMYMRHaF55H3jONO0Lxc=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0WoCCUpgi5UCm5cVrAPaEKYTCft0MkkzEyEEvo3bvwVN4KK6NI/cdJGqa0HBs6ccy/33uPHjEplWZ9GYWl5ZXWtuF7a2Nza3jF391oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9ofXmd++J0LSiN+pUUzcEPU5DShGSkueeeWESA38IB2MvRq8hI5CfFD5EduZOFNhw5Pfr6+9Y88sW1VrArhI7JyUQY6GZ744vQgnIeEKMyRl17Zi5aZIKIoZGZecRJIY4SHqk66mHIVEuunkzjE80koPBpHQjys4UWc7UhRKOQp9XZktKee9TPzP6yYqOHdTyuNEEY6ng4KEQRXBLDTYo4JgxUaaICyo3hXiARIIKx1tSYdgz5+8SFq1qm1V7dvTcv0ij6MIDsAhqAAbnIE6uAEN0AQYPIAn8ArejEfj2Xg3PqalBSPv2Qd/YHx9A/dopVU=</latexit>

x 2 Rd
<latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit><latexit sha1_base64="r88cLpKiZJtXS/wgD8iCVci7o1w=">AAACBHicbVC7TsMwFL3hWcorwNjFokJiqhKEBANDJRbGguhDakrlOE5r1XEi20FUUQYWfoWFAYRY+Qg2/gan7QAtR7J0fM69uvceP+FMacf5tpaWV1bX1ksb5c2t7Z1de2+/peJUEtokMY9lx8eKciZoUzPNaSeRFEc+p21/dFn47XsqFYvFrR4ntBfhgWAhI1gbqW9XvAjroR9mDznymEDTr5/d5HdB3646NWcCtEjcGanCDI2+/eUFMUkjKjThWKmu6yS6l2GpGeE0L3upogkmIzygXUMFjqjqZZMjcnRklACFsTRPaDRRf3dkOFJqHPmmsthRzXuF+J/XTXV43suYSFJNBZkOClOOdIyKRFDAJCWajw3BRDKzKyJDLDHRJreyCcGdP3mRtE5qrlNzr0+r9YtZHCWowCEcgwtnUIcraEATCDzCM7zCm/VkvVjv1se0dMma9RzAH1ifP+g+mDo=</latexit>

y = �(w|h2 + b)
<latexit sha1_base64="9t5JxOOFJos7Wnh/aZJ6smWc/vo=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVoSRF0IVCwY3LCvYBTQyT6aQdOpmEmYlSQv7Djb/ixoUirgQX/o2TNoK2HrhwOOde7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeZ+544ISSN+o8YxcUM04DSgGCkteWZ9DC+gI+kgRFUnRGroB+l9dps6lCsiMGLZjzr06hk8hv6RZ1asmjUBnCd2QSqgQNMzP5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFuOvktg4da6cMgErq4ghP190SKQinHoa8780PlrJeL/3m9RAVnbkp5nCjC8XRRkDCoIpgHBftUEKzYWBOEBdW3QjxEAmGdiyzrEOzZl+dJu16zrZp9fVJpnBdxlMA+OABVYINT0ABXoAlaAIMH8ARewKvxaDwbb8b7tHXBKGb2wB8Yn9+dqqEa</latexit><latexit sha1_base64="9t5JxOOFJos7Wnh/aZJ6smWc/vo=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVoSRF0IVCwY3LCvYBTQyT6aQdOpmEmYlSQv7Djb/ixoUirgQX/o2TNoK2HrhwOOde7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeZ+544ISSN+o8YxcUM04DSgGCkteWZ9DC+gI+kgRFUnRGroB+l9dps6lCsiMGLZjzr06hk8hv6RZ1asmjUBnCd2QSqgQNMzP5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFuOvktg4da6cMgErq4ghP190SKQinHoa8780PlrJeL/3m9RAVnbkp5nCjC8XRRkDCoIpgHBftUEKzYWBOEBdW3QjxEAmGdiyzrEOzZl+dJu16zrZp9fVJpnBdxlMA+OABVYINT0ABXoAlaAIMH8ARewKvxaDwbb8b7tHXBKGb2wB8Yn9+dqqEa</latexit><latexit sha1_base64="9t5JxOOFJos7Wnh/aZJ6smWc/vo=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVoSRF0IVCwY3LCvYBTQyT6aQdOpmEmYlSQv7Djb/ixoUirgQX/o2TNoK2HrhwOOde7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeZ+544ISSN+o8YxcUM04DSgGCkteWZ9DC+gI+kgRFUnRGroB+l9dps6lCsiMGLZjzr06hk8hv6RZ1asmjUBnCd2QSqgQNMzP5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFuOvktg4da6cMgErq4ghP190SKQinHoa8780PlrJeL/3m9RAVnbkp5nCjC8XRRkDCoIpgHBftUEKzYWBOEBdW3QjxEAmGdiyzrEOzZl+dJu16zrZp9fVJpnBdxlMA+OABVYINT0ABXoAlaAIMH8ARewKvxaDwbb8b7tHXBKGb2wB8Yn9+dqqEa</latexit><latexit sha1_base64="9t5JxOOFJos7Wnh/aZJ6smWc/vo=">AAACG3icbVDLSsNAFJ34rPUVdelmsAgVoSRF0IVCwY3LCvYBTQyT6aQdOpmEmYlSQv7Djb/ixoUirgQX/o2TNoK2HrhwOOde7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltyygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcfXeZ+544ISSN+o8YxcUM04DSgGCkteWZ9DC+gI+kgRFUnRGroB+l9dps6lCsiMGLZjzr06hk8hv6RZ1asmjUBnCd2QSqgQNMzP5x+hJOQcIUZkrJnW7FyUyQUxYxkZSeRJEZ4hAakpylHIZFuOvktg4da6cMgErq4ghP190SKQinHoa8780PlrJeL/3m9RAVnbkp5nCjC8XRRkDCoIpgHBftUEKzYWBOEBdW3QjxEAmGdiyzrEOzZl+dJu16zrZp9fVJpnBdxlMA+OABVYINT0ABXoAlaAIMH8ARewKvxaDwbb8b7tHXBKGb2wB8Yn9+dqqEa</latexit>

W1 2 Rd1⇥d
<latexit sha1_base64="2wvpmjhpxYNVstsZLu8X4dfHiOc=">AAACE3icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD14KHjxWMV+QFPDZrNpl242YXcjlJD/4MW/4sWDIl69ePPfuGl70NYHA4/3ZpiZ5yecKW3b31ZpaXllda28XtnY3Nreqe7utVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj64Kv/NApWKxuNPjhPYjPBAsZARrI3nVEzfCeuiHWSf3HOQygaaCn93m91lQaJpFVKEg96o1u25PgBaJMyM1mKHpVb/cICZpRIUmHCvVc+xE9zMsNSOc5hU3VTTBZIQHtGeowGZPP5v8lKMjowQojKUpodFE/T2R4UipceSbzuJgNe8V4n9eL9XhRT9jIkk1FWS6KEw50jEqAkIBk5RoPjYEE8nMrYgMscREmxgrJgRn/uVF0j6tO3bduTmrNS5ncZThAA7hGBw4hwZcQxNaQOARnuEV3qwn68V6tz6mrSVrNrMPf2B9/gCLVZ3p</latexit><latexit sha1_base64="2wvpmjhpxYNVstsZLu8X4dfHiOc=">AAACE3icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD14KHjxWMV+QFPDZrNpl242YXcjlJD/4MW/4sWDIl69ePPfuGl70NYHA4/3ZpiZ5yecKW3b31ZpaXllda28XtnY3Nreqe7utVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj64Kv/NApWKxuNPjhPYjPBAsZARrI3nVEzfCeuiHWSf3HOQygaaCn93m91lQaJpFVKEg96o1u25PgBaJMyM1mKHpVb/cICZpRIUmHCvVc+xE9zMsNSOc5hU3VTTBZIQHtGeowGZPP5v8lKMjowQojKUpodFE/T2R4UipceSbzuJgNe8V4n9eL9XhRT9jIkk1FWS6KEw50jEqAkIBk5RoPjYEE8nMrYgMscREmxgrJgRn/uVF0j6tO3bduTmrNS5ncZThAA7hGBw4hwZcQxNaQOARnuEV3qwn68V6tz6mrSVrNrMPf2B9/gCLVZ3p</latexit><latexit sha1_base64="2wvpmjhpxYNVstsZLu8X4dfHiOc=">AAACE3icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD14KHjxWMV+QFPDZrNpl242YXcjlJD/4MW/4sWDIl69ePPfuGl70NYHA4/3ZpiZ5yecKW3b31ZpaXllda28XtnY3Nreqe7utVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj64Kv/NApWKxuNPjhPYjPBAsZARrI3nVEzfCeuiHWSf3HOQygaaCn93m91lQaJpFVKEg96o1u25PgBaJMyM1mKHpVb/cICZpRIUmHCvVc+xE9zMsNSOc5hU3VTTBZIQHtGeowGZPP5v8lKMjowQojKUpodFE/T2R4UipceSbzuJgNe8V4n9eL9XhRT9jIkk1FWS6KEw50jEqAkIBk5RoPjYEE8nMrYgMscREmxgrJgRn/uVF0j6tO3bduTmrNS5ncZThAA7hGBw4hwZcQxNaQOARnuEV3qwn68V6tz6mrSVrNrMPf2B9/gCLVZ3p</latexit><latexit sha1_base64="2wvpmjhpxYNVstsZLu8X4dfHiOc=">AAACE3icbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD14KHjxWMV+QFPDZrNpl242YXcjlJD/4MW/4sWDIl69ePPfuGl70NYHA4/3ZpiZ5yecKW3b31ZpaXllda28XtnY3Nreqe7utVWcSkJbJOax7PpYUc4EbWmmOe0mkuLI57Tjj64Kv/NApWKxuNPjhPYjPBAsZARrI3nVEzfCeuiHWSf3HOQygaaCn93m91lQaJpFVKEg96o1u25PgBaJMyM1mKHpVb/cICZpRIUmHCvVc+xE9zMsNSOc5hU3VTTBZIQHtGeowGZPP5v8lKMjowQojKUpodFE/T2R4UipceSbzuJgNe8V4n9eL9XhRT9jIkk1FWS6KEw50jEqAkIBk5RoPjYEE8nMrYgMscREmxgrJgRn/uVF0j6tO3bduTmrNS5ncZThAA7hGBw4hwZcQxNaQOARnuEV3qwn68V6tz6mrSVrNrMPf2B9/gCLVZ3p</latexit>

b1 2 Rd1
<latexit sha1_base64="PVi41hGXwKM/EROs5iBVxJnxOBc=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgoGhEgtjQfQhNSGyHae16jiR7SBVUWYWfoWFAYRY+QI2/gan7QAtR7rS0Tn36t57cMqZ0o7zbVWWlldW16rrtY3Nre0de3evo5JMEtomCU9kDyNFORO0rZnmtJdKimLMaRePrkq/+0ClYom40+OU+jEaCBYxgrSRAvvQi5Ee4ijHReBCjwk4FXB+W9znYeAWgV13Gs4EcJG4M1IHM7QC+8sLE5LFVGjCkVJ910m1nyOpGeG0qHmZoikiIzSgfUMFiqny88krBTw2SgijRJoSGk7U3xM5ipUax9h0lneqea8U//P6mY4u/JyJNNNUkOmiKONQJ7DMBYZMUqL52BBEJDO3QjJEEhFt0quZENz5lxdJ57ThOg335qzevJzFUQUH4AicABecgya4Bi3QBgQ8gmfwCt6sJ+vFerc+pq0VazazD/7A+vwBEieaeA==</latexit><latexit sha1_base64="PVi41hGXwKM/EROs5iBVxJnxOBc=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgoGhEgtjQfQhNSGyHae16jiR7SBVUWYWfoWFAYRY+QI2/gan7QAtR7rS0Tn36t57cMqZ0o7zbVWWlldW16rrtY3Nre0de3evo5JMEtomCU9kDyNFORO0rZnmtJdKimLMaRePrkq/+0ClYom40+OU+jEaCBYxgrSRAvvQi5Ee4ijHReBCjwk4FXB+W9znYeAWgV13Gs4EcJG4M1IHM7QC+8sLE5LFVGjCkVJ910m1nyOpGeG0qHmZoikiIzSgfUMFiqny88krBTw2SgijRJoSGk7U3xM5ipUax9h0lneqea8U//P6mY4u/JyJNNNUkOmiKONQJ7DMBYZMUqL52BBEJDO3QjJEEhFt0quZENz5lxdJ57ThOg335qzevJzFUQUH4AicABecgya4Bi3QBgQ8gmfwCt6sJ+vFerc+pq0VazazD/7A+vwBEieaeA==</latexit><latexit sha1_base64="PVi41hGXwKM/EROs5iBVxJnxOBc=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgoGhEgtjQfQhNSGyHae16jiR7SBVUWYWfoWFAYRY+QI2/gan7QAtR7rS0Tn36t57cMqZ0o7zbVWWlldW16rrtY3Nre0de3evo5JMEtomCU9kDyNFORO0rZnmtJdKimLMaRePrkq/+0ClYom40+OU+jEaCBYxgrSRAvvQi5Ee4ijHReBCjwk4FXB+W9znYeAWgV13Gs4EcJG4M1IHM7QC+8sLE5LFVGjCkVJ910m1nyOpGeG0qHmZoikiIzSgfUMFiqny88krBTw2SgijRJoSGk7U3xM5ipUax9h0lneqea8U//P6mY4u/JyJNNNUkOmiKONQJ7DMBYZMUqL52BBEJDO3QjJEEhFt0quZENz5lxdJ57ThOg335qzevJzFUQUH4AicABecgya4Bi3QBgQ8gmfwCt6sJ+vFerc+pq0VazazD/7A+vwBEieaeA==</latexit><latexit sha1_base64="PVi41hGXwKM/EROs5iBVxJnxOBc=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExVQlCgoGhEgtjQfQhNSGyHae16jiR7SBVUWYWfoWFAYRY+QI2/gan7QAtR7rS0Tn36t57cMqZ0o7zbVWWlldW16rrtY3Nre0de3evo5JMEtomCU9kDyNFORO0rZnmtJdKimLMaRePrkq/+0ClYom40+OU+jEaCBYxgrSRAvvQi5Ee4ijHReBCjwk4FXB+W9znYeAWgV13Gs4EcJG4M1IHM7QC+8sLE5LFVGjCkVJ910m1nyOpGeG0qHmZoikiIzSgfUMFiqny88krBTw2SgijRJoSGk7U3xM5ipUax9h0lneqea8U//P6mY4u/JyJNNNUkOmiKONQJ7DMBYZMUqL52BBEJDO3QjJEEhFt0quZENz5lxdJ57ThOg335qzevJzFUQUH4AicABecgya4Bi3QBgQ8gmfwCt6sJ+vFerc+pq0VazazD/7A+vwBEieaeA==</latexit>

b2 2 Rd2
<latexit sha1_base64="tvOh1VuDGh+gByDJJsf9gRGz3Gs=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmQYGCoxMJYEH1IbYhsx2mtOk5kO0hVlJmFX2FhACFWvoCNv8FpM0DLka50dM69uvcenHCmtON8W0vLK6tr65WN6ubW9s6uvbffUXEqCW2TmMeyh5GinAna1kxz2kskRRHmtIvHV4XffaBSsVjc6UlCvQgNBQsZQdpIvn00iJAe4TDDud+AAybgTMDZbX6fBX4j9+2aU3emgIvELUkNlGj59tcgiEkaUaEJR0r1XSfRXoakZoTTvDpIFU0QGaMh7RsqUESVl01fyeGJUQIYxtKU0HCq/p7IUKTUJMKms7hTzXuF+J/XT3V44WVMJKmmgswWhSmHOoZFLjBgkhLNJ4YgIpm5FZIRkohok17VhODOv7xIOo2669Tdm7Na87KMowIOwTE4BS44B01wDVqgDQh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDFUWaeg==</latexit><latexit sha1_base64="tvOh1VuDGh+gByDJJsf9gRGz3Gs=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmQYGCoxMJYEH1IbYhsx2mtOk5kO0hVlJmFX2FhACFWvoCNv8FpM0DLka50dM69uvcenHCmtON8W0vLK6tr65WN6ubW9s6uvbffUXEqCW2TmMeyh5GinAna1kxz2kskRRHmtIvHV4XffaBSsVjc6UlCvQgNBQsZQdpIvn00iJAe4TDDud+AAybgTMDZbX6fBX4j9+2aU3emgIvELUkNlGj59tcgiEkaUaEJR0r1XSfRXoakZoTTvDpIFU0QGaMh7RsqUESVl01fyeGJUQIYxtKU0HCq/p7IUKTUJMKms7hTzXuF+J/XT3V44WVMJKmmgswWhSmHOoZFLjBgkhLNJ4YgIpm5FZIRkohok17VhODOv7xIOo2669Tdm7Na87KMowIOwTE4BS44B01wDVqgDQh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDFUWaeg==</latexit><latexit sha1_base64="tvOh1VuDGh+gByDJJsf9gRGz3Gs=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmQYGCoxMJYEH1IbYhsx2mtOk5kO0hVlJmFX2FhACFWvoCNv8FpM0DLka50dM69uvcenHCmtON8W0vLK6tr65WN6ubW9s6uvbffUXEqCW2TmMeyh5GinAna1kxz2kskRRHmtIvHV4XffaBSsVjc6UlCvQgNBQsZQdpIvn00iJAe4TDDud+AAybgTMDZbX6fBX4j9+2aU3emgIvELUkNlGj59tcgiEkaUaEJR0r1XSfRXoakZoTTvDpIFU0QGaMh7RsqUESVl01fyeGJUQIYxtKU0HCq/p7IUKTUJMKms7hTzXuF+J/XT3V44WVMJKmmgswWhSmHOoZFLjBgkhLNJ4YgIpm5FZIRkohok17VhODOv7xIOo2669Tdm7Na87KMowIOwTE4BS44B01wDVqgDQh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDFUWaeg==</latexit><latexit sha1_base64="tvOh1VuDGh+gByDJJsf9gRGz3Gs=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmQYGCoxMJYEH1IbYhsx2mtOk5kO0hVlJmFX2FhACFWvoCNv8FpM0DLka50dM69uvcenHCmtON8W0vLK6tr65WN6ubW9s6uvbffUXEqCW2TmMeyh5GinAna1kxz2kskRRHmtIvHV4XffaBSsVjc6UlCvQgNBQsZQdpIvn00iJAe4TDDud+AAybgTMDZbX6fBX4j9+2aU3emgIvELUkNlGj59tcgiEkaUaEJR0r1XSfRXoakZoTTvDpIFU0QGaMh7RsqUESVl01fyeGJUQIYxtKU0HCq/p7IUKTUJMKms7hTzXuF+J/XT3V44WVMJKmmgswWhSmHOoZFLjBgkhLNJ4YgIpm5FZIRkohok17VhODOv7xIOo2669Tdm7Na87KMowIOwTE4BS44B01wDVqgDQh4BM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDFUWaeg==</latexit>

W2 2 Rd2⇥d1
<latexit sha1_base64="Og1rZA4fC86AjGFewrAci9YM3wI=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJIUQQ8eCl48VrEf0Naw2WzapZtN2J0IJeRPePGvePGgiFfBm//GTduDtj4YeLw3w8w8PxFcg+N8W0vLK6tr66WN8ubW9s6uvbff0nGqKGvSWMSq4xPNBJesCRwE6ySKkcgXrO2Prgq//cCU5rG8g3HC+hEZSB5ySsBInn3aiwgM/TBr514N97jEU8HPbvP7LCg04BHTOPDc3LMrTtWZAC8Sd0YqaIaGZ3/1gpimEZNABdG66zoJ9DOigFPB8nIv1SwhdEQGrGuoJGZTP5t8leNjowQ4jJUpCXii/p7ISKT1OPJNZ3GynvcK8T+vm0J40c+4TFJgkk4XhanAEOMiIhxwxSiIsSGEKm5uxXRIFKFggiybENz5lxdJq1Z1nap7c1apX87iKKFDdIROkIvOUR1dowZqIooe0TN6RW/Wk/VivVsf09YlazZzgP7A+vwB0rmejw==</latexit><latexit sha1_base64="Og1rZA4fC86AjGFewrAci9YM3wI=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJIUQQ8eCl48VrEf0Naw2WzapZtN2J0IJeRPePGvePGgiFfBm//GTduDtj4YeLw3w8w8PxFcg+N8W0vLK6tr66WN8ubW9s6uvbff0nGqKGvSWMSq4xPNBJesCRwE6ySKkcgXrO2Prgq//cCU5rG8g3HC+hEZSB5ySsBInn3aiwgM/TBr514N97jEU8HPbvP7LCg04BHTOPDc3LMrTtWZAC8Sd0YqaIaGZ3/1gpimEZNABdG66zoJ9DOigFPB8nIv1SwhdEQGrGuoJGZTP5t8leNjowQ4jJUpCXii/p7ISKT1OPJNZ3GynvcK8T+vm0J40c+4TFJgkk4XhanAEOMiIhxwxSiIsSGEKm5uxXRIFKFggiybENz5lxdJq1Z1nap7c1apX87iKKFDdIROkIvOUR1dowZqIooe0TN6RW/Wk/VivVsf09YlazZzgP7A+vwB0rmejw==</latexit><latexit sha1_base64="Og1rZA4fC86AjGFewrAci9YM3wI=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJIUQQ8eCl48VrEf0Naw2WzapZtN2J0IJeRPePGvePGgiFfBm//GTduDtj4YeLw3w8w8PxFcg+N8W0vLK6tr66WN8ubW9s6uvbff0nGqKGvSWMSq4xPNBJesCRwE6ySKkcgXrO2Prgq//cCU5rG8g3HC+hEZSB5ySsBInn3aiwgM/TBr514N97jEU8HPbvP7LCg04BHTOPDc3LMrTtWZAC8Sd0YqaIaGZ3/1gpimEZNABdG66zoJ9DOigFPB8nIv1SwhdEQGrGuoJGZTP5t8leNjowQ4jJUpCXii/p7ISKT1OPJNZ3GynvcK8T+vm0J40c+4TFJgkk4XhanAEOMiIhxwxSiIsSGEKm5uxXRIFKFggiybENz5lxdJq1Z1nap7c1apX87iKKFDdIROkIvOUR1dowZqIooe0TN6RW/Wk/VivVsf09YlazZzgP7A+vwB0rmejw==</latexit><latexit sha1_base64="Og1rZA4fC86AjGFewrAci9YM3wI=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJIUQQ8eCl48VrEf0Naw2WzapZtN2J0IJeRPePGvePGgiFfBm//GTduDtj4YeLw3w8w8PxFcg+N8W0vLK6tr66WN8ubW9s6uvbff0nGqKGvSWMSq4xPNBJesCRwE6ySKkcgXrO2Prgq//cCU5rG8g3HC+hEZSB5ySsBInn3aiwgM/TBr514N97jEU8HPbvP7LCg04BHTOPDc3LMrTtWZAC8Sd0YqaIaGZ3/1gpimEZNABdG66zoJ9DOigFPB8nIv1SwhdEQGrGuoJGZTP5t8leNjowQ4jJUpCXii/p7ISKT1OPJNZ3GynvcK8T+vm0J40c+4TFJgkk4XhanAEOMiIhxwxSiIsSGEKm5uxXRIFKFggiybENz5lxdJq1Z1nap7c1apX87iKKFDdIROkIvOUR1dowZqIooe0TN6RW/Wk/VivVsf09YlazZzgP7A+vwB0rmejw==</latexit>

w 2 Rd2
<latexit sha1_base64="OQGWOHHDxod0Lr8suLTzGRzsBoM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoqJBgYKrEwFkQfUhMix3Faq44T2Q6oijKy8CssDCDEyiew8Tc4bQZoOZKl43Pu1b33+AmjUlnWt1FZWl5ZXauu1zY2t7Z3zN29roxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88WXh9+6JkDTmt2qSEDdCQ05DipHSkmceOhFSIz/MHnLoUA5nXz+7ye+ywGvmnlm3GtYUcJHYJamDEm3P/HKCGKcR4QozJOXAthLlZkgoihnJa04qSYLwGA3JQFOOIiLdbHpIDo+1EsAwFvpxBafq744MRVJOIl9XFnvKea8Q//MGqQrP3YzyJFWE49mgMGVQxbBIBQZUEKzYRBOEBdW7QjxCAmGls6vpEOz5kxdJt9mwrYZ9fVpvXZRxVMEBOAInwAZnoAWuQBt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz/78Znq</latexit><latexit sha1_base64="OQGWOHHDxod0Lr8suLTzGRzsBoM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoqJBgYKrEwFkQfUhMix3Faq44T2Q6oijKy8CssDCDEyiew8Tc4bQZoOZKl43Pu1b33+AmjUlnWt1FZWl5ZXauu1zY2t7Z3zN29roxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88WXh9+6JkDTmt2qSEDdCQ05DipHSkmceOhFSIz/MHnLoUA5nXz+7ye+ywGvmnlm3GtYUcJHYJamDEm3P/HKCGKcR4QozJOXAthLlZkgoihnJa04qSYLwGA3JQFOOIiLdbHpIDo+1EsAwFvpxBafq744MRVJOIl9XFnvKea8Q//MGqQrP3YzyJFWE49mgMGVQxbBIBQZUEKzYRBOEBdW7QjxCAmGls6vpEOz5kxdJt9mwrYZ9fVpvXZRxVMEBOAInwAZnoAWuQBt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz/78Znq</latexit><latexit sha1_base64="OQGWOHHDxod0Lr8suLTzGRzsBoM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoqJBgYKrEwFkQfUhMix3Faq44T2Q6oijKy8CssDCDEyiew8Tc4bQZoOZKl43Pu1b33+AmjUlnWt1FZWl5ZXauu1zY2t7Z3zN29roxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88WXh9+6JkDTmt2qSEDdCQ05DipHSkmceOhFSIz/MHnLoUA5nXz+7ye+ywGvmnlm3GtYUcJHYJamDEm3P/HKCGKcR4QozJOXAthLlZkgoihnJa04qSYLwGA3JQFOOIiLdbHpIDo+1EsAwFvpxBafq744MRVJOIl9XFnvKea8Q//MGqQrP3YzyJFWE49mgMGVQxbBIBQZUEKzYRBOEBdW7QjxCAmGls6vpEOz5kxdJt9mwrYZ9fVpvXZRxVMEBOAInwAZnoAWuQBt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz/78Znq</latexit><latexit sha1_base64="OQGWOHHDxod0Lr8suLTzGRzsBoM=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJqUoqJBgYKrEwFkQfUhMix3Faq44T2Q6oijKy8CssDCDEyiew8Tc4bQZoOZKl43Pu1b33+AmjUlnWt1FZWl5ZXauu1zY2t7Z3zN29roxTgUkHxywWfR9JwignHUUVI/1EEBT5jPT88WXh9+6JkDTmt2qSEDdCQ05DipHSkmceOhFSIz/MHnLoUA5nXz+7ye+ywGvmnlm3GtYUcJHYJamDEm3P/HKCGKcR4QozJOXAthLlZkgoihnJa04qSYLwGA3JQFOOIiLdbHpIDo+1EsAwFvpxBafq744MRVJOIl9XFnvKea8Q//MGqQrP3YzyJFWE49mgMGVQxbBIBQZUEKzYRBOEBdW7QjxCAmGls6vpEOz5kxdJt9mwrYZ9fVpvXZRxVMEBOAInwAZnoAWuQBt0AAaP4Bm8gjfjyXgx3o2PWWnFKHv2wR8Ynz/78Znq</latexit>

Input Output

• Learn parameters 
<latexit sha1_base64="CuKUbEiIa4HR5DqaviWEEzZQDyU="></latexit>

✓ = {W1,b1,W2,b2,w, b}



Training neural networks
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Need loss functions and optimization algorithm



Loss functions

• Binary classification

L(y, y⇤) = �y⇤ log y � (1� y⇤) log (1� y)
<latexit sha1_base64="rRgl1nuiddQVks0Gj7Z1U34kvgg=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoxZYZERRBKLpx4aKCfUBnLJk0bUMzD5KMMAzzL278FTculOLGhf9iZjoLbT2Q5OSce0nucQJGhTSML62wtLyyulZcL21sbm3v6Lt7beGHHJMW9pnPuw4ShFGPtCSVjHQDTpDrMNJxJjep33kiXFDfe5BRQGwXjTw6pBhJJfX1S8tFcowRi++SSnQCo8fjKryCNXVazB/FUQJrsGKqLXUyaXarJn29bNSNDHCRmDkpgxzNvj61Bj4OXeJJzJAQPdMIpB0jLilmJClZoSABwhM0Ij1FPeQSYcfZjAk8UsoADn2ulidhpv7uiJErROQ6qjKdSMx7qfif1wvl8MKOqReEknh49tAwZFD6MA0MDignWLJIEYQ5VX+FeIw4wlLFWlIhmPMjL5L2ad006ub9WblxncdRBAfgEFSACc5BA9yCJmgBDJ7BK3gHH9qL9qZNtc9ZaUHLe/bBH2jfP8ZjoJU=</latexit><latexit sha1_base64="rRgl1nuiddQVks0Gj7Z1U34kvgg=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoxZYZERRBKLpx4aKCfUBnLJk0bUMzD5KMMAzzL278FTculOLGhf9iZjoLbT2Q5OSce0nucQJGhTSML62wtLyyulZcL21sbm3v6Lt7beGHHJMW9pnPuw4ShFGPtCSVjHQDTpDrMNJxJjep33kiXFDfe5BRQGwXjTw6pBhJJfX1S8tFcowRi++SSnQCo8fjKryCNXVazB/FUQJrsGKqLXUyaXarJn29bNSNDHCRmDkpgxzNvj61Bj4OXeJJzJAQPdMIpB0jLilmJClZoSABwhM0Ij1FPeQSYcfZjAk8UsoADn2ulidhpv7uiJErROQ6qjKdSMx7qfif1wvl8MKOqReEknh49tAwZFD6MA0MDignWLJIEYQ5VX+FeIw4wlLFWlIhmPMjL5L2ad006ub9WblxncdRBAfgEFSACc5BA9yCJmgBDJ7BK3gHH9qL9qZNtc9ZaUHLe/bBH2jfP8ZjoJU=</latexit><latexit sha1_base64="rRgl1nuiddQVks0Gj7Z1U34kvgg=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoxZYZERRBKLpx4aKCfUBnLJk0bUMzD5KMMAzzL278FTculOLGhf9iZjoLbT2Q5OSce0nucQJGhTSML62wtLyyulZcL21sbm3v6Lt7beGHHJMW9pnPuw4ShFGPtCSVjHQDTpDrMNJxJjep33kiXFDfe5BRQGwXjTw6pBhJJfX1S8tFcowRi++SSnQCo8fjKryCNXVazB/FUQJrsGKqLXUyaXarJn29bNSNDHCRmDkpgxzNvj61Bj4OXeJJzJAQPdMIpB0jLilmJClZoSABwhM0Ij1FPeQSYcfZjAk8UsoADn2ulidhpv7uiJErROQ6qjKdSMx7qfif1wvl8MKOqReEknh49tAwZFD6MA0MDignWLJIEYQ5VX+FeIw4wlLFWlIhmPMjL5L2ad006ub9WblxncdRBAfgEFSACc5BA9yCJmgBDJ7BK3gHH9qL9qZNtc9ZaUHLe/bBH2jfP8ZjoJU=</latexit><latexit sha1_base64="rRgl1nuiddQVks0Gj7Z1U34kvgg=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoxZYZERRBKLpx4aKCfUBnLJk0bUMzD5KMMAzzL278FTculOLGhf9iZjoLbT2Q5OSce0nucQJGhTSML62wtLyyulZcL21sbm3v6Lt7beGHHJMW9pnPuw4ShFGPtCSVjHQDTpDrMNJxJjep33kiXFDfe5BRQGwXjTw6pBhJJfX1S8tFcowRi++SSnQCo8fjKryCNXVazB/FUQJrsGKqLXUyaXarJn29bNSNDHCRmDkpgxzNvj61Bj4OXeJJzJAQPdMIpB0jLilmJClZoSABwhM0Ij1FPeQSYcfZjAk8UsoADn2ulidhpv7uiJErROQ6qjKdSMx7qfif1wvl8MKOqReEknh49tAwZFD6MA0MDignWLJIEYQ5VX+FeIw4wlLFWlIhmPMjL5L2ad006ub9WblxncdRBAfgEFSACc5BA9yCJmgBDJ7BK3gHH9qL9qZNtc9ZaUHLe/bBH2jfP8ZjoJU=</latexit>

• Regression

LMSE(y, y
⇤) = (y � y⇤)2

<latexit sha1_base64="qXd8yxiBWzOEL57x+yWmNbP8hNE=">AAACF3icbVDJSgNBFOxxjXGLevTSGIQoGmaCoBchKIIHhYhmgWz0dHqSJj0L3W/EYZi/8OKvePGgiFe9+Td2loMmFjQUVe/xusoOBFdgmt/GzOzc/MJiaim9vLK6tp7Z2KwoP5SUlakvfFmziWKCe6wMHASrBZIR1xasavfPB371nknFfe8OooA1XdL1uMMpAS21M/mGS6BHiYivknbcAPYA8fXtRZLkogMctfb38CnORfhwyFuFdiZr5s0h8DSxxiSLxii1M1+Njk9Dl3lABVGqbpkBNGMigVPBknQjVCwgtE+6rK6pR1ymmvEwV4J3tdLBji/18wAP1d8bMXGVilxbTw5SqElvIP7n1UNwTpox94IQmEdHh5xQYPDxoCTc4ZJREJEmhEqu/4ppj0hCQVeZ1iVYk5GnSaWQt8y8dXOULZ6N60ihbbSDcshCx6iILlEJlRFFj+gZvaI348l4Md6Nj9HojDHe2UJ/YHz+AK9WnaI=</latexit><latexit sha1_base64="qXd8yxiBWzOEL57x+yWmNbP8hNE=">AAACF3icbVDJSgNBFOxxjXGLevTSGIQoGmaCoBchKIIHhYhmgWz0dHqSJj0L3W/EYZi/8OKvePGgiFe9+Td2loMmFjQUVe/xusoOBFdgmt/GzOzc/MJiaim9vLK6tp7Z2KwoP5SUlakvfFmziWKCe6wMHASrBZIR1xasavfPB371nknFfe8OooA1XdL1uMMpAS21M/mGS6BHiYivknbcAPYA8fXtRZLkogMctfb38CnORfhwyFuFdiZr5s0h8DSxxiSLxii1M1+Njk9Dl3lABVGqbpkBNGMigVPBknQjVCwgtE+6rK6pR1ymmvEwV4J3tdLBji/18wAP1d8bMXGVilxbTw5SqElvIP7n1UNwTpox94IQmEdHh5xQYPDxoCTc4ZJREJEmhEqu/4ppj0hCQVeZ1iVYk5GnSaWQt8y8dXOULZ6N60ihbbSDcshCx6iILlEJlRFFj+gZvaI348l4Md6Nj9HojDHe2UJ/YHz+AK9WnaI=</latexit><latexit sha1_base64="qXd8yxiBWzOEL57x+yWmNbP8hNE=">AAACF3icbVDJSgNBFOxxjXGLevTSGIQoGmaCoBchKIIHhYhmgWz0dHqSJj0L3W/EYZi/8OKvePGgiFe9+Td2loMmFjQUVe/xusoOBFdgmt/GzOzc/MJiaim9vLK6tp7Z2KwoP5SUlakvfFmziWKCe6wMHASrBZIR1xasavfPB371nknFfe8OooA1XdL1uMMpAS21M/mGS6BHiYivknbcAPYA8fXtRZLkogMctfb38CnORfhwyFuFdiZr5s0h8DSxxiSLxii1M1+Njk9Dl3lABVGqbpkBNGMigVPBknQjVCwgtE+6rK6pR1ymmvEwV4J3tdLBji/18wAP1d8bMXGVilxbTw5SqElvIP7n1UNwTpox94IQmEdHh5xQYPDxoCTc4ZJREJEmhEqu/4ppj0hCQVeZ1iVYk5GnSaWQt8y8dXOULZ6N60ihbbSDcshCx6iILlEJlRFFj+gZvaI348l4Md6Nj9HojDHe2UJ/YHz+AK9WnaI=</latexit><latexit sha1_base64="qXd8yxiBWzOEL57x+yWmNbP8hNE=">AAACF3icbVDJSgNBFOxxjXGLevTSGIQoGmaCoBchKIIHhYhmgWz0dHqSJj0L3W/EYZi/8OKvePGgiFe9+Td2loMmFjQUVe/xusoOBFdgmt/GzOzc/MJiaim9vLK6tp7Z2KwoP5SUlakvfFmziWKCe6wMHASrBZIR1xasavfPB371nknFfe8OooA1XdL1uMMpAS21M/mGS6BHiYivknbcAPYA8fXtRZLkogMctfb38CnORfhwyFuFdiZr5s0h8DSxxiSLxii1M1+Njk9Dl3lABVGqbpkBNGMigVPBknQjVCwgtE+6rK6pR1ymmvEwV4J3tdLBji/18wAP1d8bMXGVilxbTw5SqElvIP7n1UNwTpox94IQmEdHh5xQYPDxoCTc4ZJREJEmhEqu/4ppj0hCQVeZ1iVYk5GnSaWQt8y8dXOULZ6N60ihbbSDcshCx6iILlEJlRFFj+gZvaI348l4Md6Nj9HojDHe2UJ/YHz+AK9WnaI=</latexit>

<latexit sha1_base64="V0Qby0eCxuwXwCxVJ0a3oB6NZto=">AAACDnicbVDLSsNAFJ3UV62vqktFBktBEEpSRN0IRTcuW7APaEKZTCft0MkkzEyUELJ05cZfcSNFEbeu3fkN/oTTB6LVAxcO59zLvfe4IaNSmeaHkZmbX1hcyi7nVlbX1jfym1sNGUQCkzoOWCBaLpKEUU7qiipGWqEgyHcZabqDi5HfvCZC0oBfqTgkjo96nHoUI6WlTr4YwzNo+0j1XS+5SaGNu4H6FvpppwwPodvJF8ySOQb8S6wpKVR2h7XP271htZN/t7sBjnzCFWZIyrZlhspJkFAUM5Lm7EiSEOEB6pG2phz5RDrJ+J0UFrXShV4gdHEFx+rPiQT5Usa+qztHd8pZbyT+57Uj5Z06CeVhpAjHk0VexKAK4Cgb2KWCYMViTRAWVN8KcR8JhJVOMKdDsGZf/ksa5ZJ1XDqq6TTOwQRZsAP2wQGwwAmogEtQBXWAwR14AE/g2bg3Ho0X43XSmjGmM9vgF4y3L3usntI=</latexit>

y = w · h2 + b

• Multi-class classification (  classes)C

L(y, y⇤) = �
CX

i=1

y⇤i log yi
<latexit sha1_base64="vO7WpM8DRV37pdQR4k280HdhKGE="></latexit><latexit sha1_base64="vO7WpM8DRV37pdQR4k280HdhKGE="></latexit><latexit sha1_base64="vO7WpM8DRV37pdQR4k280HdhKGE="></latexit><latexit sha1_base64="vO7WpM8DRV37pdQR4k280HdhKGE="></latexit>

<latexit sha1_base64="JMe9y29+++gJ/sKiGS3/HILkxE8="></latexit>

yi = softmaxi(Wh2 + b)
<latexit sha1_base64="rybD2PaXXru+5covpSZpYm/5C44="></latexit>

W 2 RC⇥d2 ,b 2 RC

How find parameters to minimize  
<latexit sha1_base64="CuKUbEiIa4HR5DqaviWEEzZQDyU="></latexit>

✓ = {W1,b1,W2,b2,w, b}
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<latexit sha1_base64="LbnzRp1FIIn1Kl1FwLLBmHdh6Rg=">AAACFnicbVDLSsNAFJ3UV62vqEs3Q4tQKZakiLoRim5cVrAPaEqZTCft0MkkzEyUEPoVuvBX3LhQxK246984aSto64ELh3Pu5d573JBRqSxrbGSWlldW17LruY3Nre0dc3evIYNIYFLHAQtEy0WSMMpJXVHFSCsUBPkuI013eJX6zTsiJA34rYpD0vFRn1OPYqS01DWPY3gBHUn7Pio6PlID10vuR9DBvUDBH2Ew6lZgCbpHXbNgla0J4CKxZ6RQzTulx3E1rnXNL6cX4MgnXGGGpGzbVqg6CRKKYkZGOSeSJER4iPqkrSlHPpGdZPLWCB5qpQe9QOjiCk7U3xMJ8qWMfVd3pofKeS8V//PakfLOOwnlYaQIx9NFXsSgCmCaEexRQbBisSYIC6pvhXiABMJKJ5nTIdjzLy+SRqVsn5ZPbnQal2CKLDgAeVAENjgDVXANaqAOMHgAz+AVvBlPxovxbnxMWzPGbGYf/IHx+Q1wPKFE</latexit>

y = �(w · h2 + b) Ground truth label

<latexit sha1_base64="Ogqla72YLpZb+n+0XJ/2kJfDLvY=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5JIUZdFNy5cVLAPaEKZTCft0MkkzNwIIdRfceNCEbd+iDv/xkmbhbYeGDiccy/3zPFjzhTY9rdRWlvf2Nwqb1d2dvf2D8zDo66KEkloh0Q8kn0fK8qZoB1gwGk/lhSHPqc9f3qT+71HKhWLxAOkMfVCPBYsYASDloZm1Q0xTAjm2V3dhQkFfDYbmjW7Yc9hrRKnIDVUoD00v9xRRJKQCiAcKzVw7Bi8DEtghNNZxU0UjTGZ4jEdaCpwSJWXzcPPrFOtjKwgkvoJsObq740Mh0qloa8n86hq2cvF/7xBAsGVlzERJ0AFWRwKEm5BZOVNWCMmKQGeaoKJZDqrRSZYYgK6r4ouwVn+8irpnjeci0bzvllrXRd1lNExOkF15KBL1EK3qI06iKAUPaNX9GY8GS/Gu/GxGC0ZxU4V/YHx+QOASZSv</latexit>

L(✓)



Optimization

• Optimize using Stochastic Gradient


• Logistic regression is convex: one global minimum

✓(t+1) = ✓(t) � ⌘r✓J(✓)
<latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit><latexit sha1_base64="2xbrEJR+XVhUcysjVyGPSHic0HY=">AAACJnicbVDLSgNBEJz1GeMr6tHLYBAiYtgVQS+C6EU8RTBRyK5L72RihszOLjO9QljyNV78FS8eIiLe/BQnD/BZMFBd1U1PV5RKYdB1352p6ZnZufnCQnFxaXlltbS23jBJphmvs0Qm+iYCw6VQvI4CJb9JNYc4kvw66p4N/et7ro1I1BX2Uh7EcKdEWzBAK4WlYx87HOE2r+Cut9Onx/RLsOUe9W1BfQWRhDAfe/2LypjshKWyW3VHoH+JNyFlMkEtLA38VsKymCtkEoxpem6KQQ4aBZO8X/Qzw1NgXbjjTUsVxNwE+ejMPt22Sou2E22fQjpSv0/kEBvTiyPbGQN2zG9vKP7nNTNsHwW5UGmGXLHxonYmKSZ0mBltCc0Zyp4lwLSwf6WsAxoY2mSLNgTv98l/SWO/6rlV7/KgfHI6iaNANskWqRCPHJITck5qpE4YeSBPZEBenEfn2Xl13satU85kZoP8gPPxCRNypFM=</latexit>

• Neural networks are non-convex and not easy to optimize

• Improvements to SGD: a class of more sophisticated “adaptive” optimizers 
that scale the parameter adjustment by an accumulated gradient. 

• AdamW / Adam

• Adagrad

• …

(Ruder 2016): An overview of gradient descent optimization algorithms

(https://ruder.io/optimizing-gradient-descent/)
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https://ruder.io/optimizing-gradient-descent/


Standard SGD

• Simple SGD: update with only gradients

31 Credits: Graham Neubig

Gradient of Loss
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✓t = ✓t�1 � ⌘gt

Learning Rate
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Using SGD

• Decay learning rate

• Mini-batch (update after seeing m samples)


• Less variance than pure SGD


• More efficient than updating the weights after every sample


• Randomize/shuffle samples in each mini-batch

There is a cost to updating weights



Optimization
• Standard/Vanilla SGD: update with only gradients


• Momentum: update w/ running average of gradients


• Prevent instability from sudden changes


• Adagrad: different learning rate for each parameter


• update down weighs high variance values


• Adam: update w/ running average of gradient, down weights by 
running average of variance


• AdamW: improve version of Adam when using L2 regularization

33

Blog: https://ruder.io/optimizing-gradient-descent/
Adapted from slide by Graham Neubig

More details: TA tutorial on optimization 

https://ruder.io/optimizing-gradient-descent/


Optimization

Gradient Descent

34

How to compute the gradient?

<latexit sha1_base64="t1YEIuqVaoSBe7wheKeApNWiXy0="></latexit>

✓(t+1) = ✓(t) � ⌘r✓L(✓)



Neural networks as 
computational graphs
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Computational graph
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Focus on computation

Nodes represent operations

Edges are values from one 
operator to the next

Forward pass: compute function value

Backward pass: gradient using chain rule



Simplified example
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Backward pass: gradient using chain rule

Forward pass: compute function value

• Good news is that modern automatic 
differentiation tools did all for you!

• Implementing backprop by hand is like 
programming in assembly language.



f hz
h = f(z)

Backpropagation: single node
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∂h
∂z

∂h
∂z
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Gradient wrt input

Downstream 

gradient

Upstream 

gradient

Local 

gradient= ×



Backpropagation
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Multiple output branches

f1

f2
x

x
z1

z2
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{z1, . . . , zn} = successors of x

Sum gradients of branches

f
z = f(x1, x2)
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Compute gradients for each input



Backpropagation API

• Chain them together to form computation graph

• Reuse derivatives to minimize computation
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Each node (operator)  implement 
local forward/backward API


• forward(inputs)

          


• backward(upstream gradient) 
f(x1, …, xk)

∂f
∂x1

,
∂f
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, …,
∂f
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Multiple inputs
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Example: MultiplyGate

41 Credits: Chris Manning (Stanford cs224n)
http://web.stanford.edu/class/cs224n/readings/cs224n-2019-notes03-neuralnets.pdf



Backpropagation in general computational graph

• Forward propagation: visit nodes in topological sort order

• Compute value of node given predecessors


• Backward propagation: 

• Initialize output gradient as 1

• Visit nodes in reverse order and compute gradient wrt each node 

using gradient wrt successors
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{z1, . . . , zn} = successors of x

For more details see https://colah.github.io/posts/2015-08-Backprop/



Simplified example
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Backward pass: gradient using chain rule

Forward pass: compute function value

L(y, y⇤) = �y⇤ log y � (1� y⇤) log (1� y)
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An example
Try to compute the gradients yourself!
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http://web.stanford.edu/class/cs224n/readings/cs224n-2019-notes03-neuralnets.pdf



Summary of backpropagation

• It’s taking derivatives and applying chain rule!  

• We’ll re-use derivatives computed for higher layers 
in computing derivatives for lower layers so as to 
minimize computation

• Good news is that modern automatic 
differentiation tools did all for you!

• Implementing backprop by hand is like 
programming in assembly language.
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Designing classifiers
with neural networks

• Input features: 


• Need to determine features

• Output: estimate  for each class 

• Need to model  with a family of functions

• Train phase: Learn parameters of model to minimize loss function

• Need Loss function and Optimization algorithm

• Test phase: Apply parameters to predict class given a new input

f(x) → [ f1, f2, …, fm]

P(y = c |x) c
P(y = c |x)

46

Feature design: partly eliminated, 

partly rolled into network design 

Still need to figure 
out loss function General methods using 

auto-differentiation

Neural Networks

figure out architecture



Rise of deep-learning frameworks
Pytorch, TensorFlow, Keras, Theano, …
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No longer need to code all the pieces of 
your model and optimizer by yourself

Provide frequently used components that can 
be connected together


• Easy to build complex models


• Connect up neural building blocks


• Mix and match selection of loss functions, 
regularizers, and optimizers


• Optimize using auto-differentiation, no need 
to hand code optimizers for specific models


• Deals with numerical stability issues


• Deals with efficient computation (e.g. 
batching, using GPUs)


• Provides (some) experiment logging and 
visualization tools

Allows researchers and developers 
to focus on


• Modeling the problem


• Designing the network



Resources

• There is a lot more to learn about neural networks!


• TA Tutorials 


• Optimization


• Pytorch and backpropagation


• Debugging Tips and Tricks


• Classes: CMPT 728 (Deep Learning)
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Resources

• Deep learning books


• Courville, Goodfellow, and Bengio: https://www.deeplearningbook.org/


• Yoav Goldberg’s Primer on NN models for NLP: http://u.cs.biu.ac.il/~yogo/nnlp.pdf


• Classes from other universities 


• Stanford CS231n notes: https://cs231n.github.io/


• University of Toronto: https://csc413-2020.github.io/  (Jimmy Ba and Roger Grosse) 


• University of Michigan: https://web.eecs.umich.edu/~justincj/teaching/eecs498/
FA2020/ (Justin Johnson)
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